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Abstract

The hard X-ray modulation telescope mission HXMT is mainly devoted to performing an all-sky
survey at 1 keV – 250 keV with both high sensitivity and high spatial resolution. The observed data
reduction as well as the image reconstruction for HXMT is computationally expensive. We propose an
approach to reconstruct all-sky images using multi-stage accelerated direct demodulation method (DDM)
to solve the inverse problem. Our code is suitable for parallel computing. Simulations are also presented
in this article.

1 Introduction

1.1 Hard X-ray modulation telescope

The hard X-ray modulation telescope (HXMT) is a low orbit space telescope runs at a circular orbit with a
43◦ at the altitude of 550 km (Li 2007; Lu et al. 2010). There are three detectors on board, including High
energy X-ray detector (HE), medium energy X-ray detector (ME), and low energy X-ray detector (LE).

There are two imaging observing modes designed for the science goal, the all-sky survey mode as well as
the deep imaging observations of selected sky regions. Under the sky survey mode the satellite scans the sky
along the ecliptic longitude circle. The deep imaging observations will be performed by pointed observations
with pointing directions distributed uniformly in the region and the pointed observations will be performed
by progressive scanning.

1.2 Modulation

According to (Li and Wu 1994): ∫
p(ω, x)f(x)dx = d(ω), (1)

where f(x) is the intensity distribution of the object (i.e., the image), d(ω) is the observed data modulated
by integral kernel (modulation function) p(ω, x). Discretize Equation 1:

N∑
i=1

p(k, i)f(i) = d(k) (k = 1, · · · ,M). (2)
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Matrix form of Equation 2:
d = Pf (3)

where d is an M × 1 column vector (data vector) in data space {d}, f is an N × 1 column vector (object
vector) in image space {f}, thus P is an M ×N matrix (kernel matrix) in {d} × {f}.

1.3 Correlation transform

c(x) =

∫
p(ω, x)d(ω)dω (4)

Discret form of Equation 4:

c(i′) =
N∑
i=1

p(i′, i)f(i) (i′ = 1, · · · , N). (5)

Matrix form of Equation 5:
c = PTd (6)

where PT is the transpose of P and c is an N × 1 column vector. Given 1−fold correlation transform of
both data d and kernel P:

c1 = c

P1 = PTP,
(7)

define L−fold correlation transforms as:

PL = PL−1
TPL−1

cL = PL−1
T cL−1.

(8)

Correlation transform of the modulation equation 3:

c1 = P1f . (9)

L−fold correlation transform:
cL = PLf . (10)

1.4 Demodulation and image reconstruction

The direct demodulation method (DDM) is designed for image reconstruction from data observed with
collimators (Li and Wu 1993). However the 2-D DDM is computationally expensive. It is not even feasible
to reconstruct the all-sky image from HXMT observed data by the original DDM. Hence accelerations are
inevitable (Shen and Zhou 2007).

2 Image reconstruction for HXMT

2.1 Pixelization and tessellation of data on spherical surface

Discretization is always the first step in numerical analysis. In image reconstruction pixelization is a more
specific term for this step. Pixelization of data defined on a plane draws little attention. But pixelization
of data on spherical surface has attracted much more interest (Tegmark 1996; Crittenden and Turok 1998;
Doroshkevich et al. 2005; Górski et al. 2005). Researches on this problem are driven by applications, e.g., CMB
data analysis, since due to the topological nature of a spherical surface, an theoretically ideal pixelization
scheme that would work for all cases does not exist for data defined on such a surface (Tegmark 1996; Górski
et al. 2005).
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Image reconstruction for HXMT is based on direct demodulation method (Li and Wu 1993). Intensive
numerical integrations are the major load while evaluating modulations and transposed modulations. For-
tunately image reconstructions for both all-sky survey and observations for selected sky regions can be
conquered region by region locally since the given a single point of the observed data, only objects within
the current field of view (FOV) are relevant while given a single point on the unknown image, only local
observed data is relevant. Therefore all-sky pixelization is not necessary. We only need a local pixelization
scheme adequate for a sky region larger than the FOV of the telescope, which is 5.7◦ × 5.7◦.

Virtues of a pixelization scheme in this work may include:

• All pixels are of equal size, which speeds up and simplifies the evaluation of numerical integrations.

• Geodesic between two points p = (ix, iy) (ix and iy are indices) and q = i′x, i
′
y as well as azimuth of

one point with respect to the other are both translation-invariant. That is,

d[(ix, iy), (i
′
x, i

′
y)] = d[(ix + jx, iy + jy), (i

′
x + jx, i

′
y + jy)]

∀ix, iy, i′x, j′y, jx, jy (11)

, where d(p, q) is the geodesic between p and q, i.e., the length of the arc on great circle from p to q,
and,

α[(ix, iy), (i
′
x, i

′
y)] = α[(ix + jx, iy + jy), (i

′
x + jx, i

′
y + jy)]

∀ix, iy, i′x, j′y, jx, jy (12)

, where α(p, q) is the angle where the geodesic arc from p to q crosses the meridian containing p.
Therefore all pixels should be of the same shape. If the PSF of the telescope is circularly
symmetric, i.e., the PSF can be expressed as a function of distance from the center of the FOV, the
modulation then degenerates to convolution.

• Convenient pixel indexing. For example the pixels are indexed with two indices ix and iy in Eq. 11
and Eq. 12, where it suggests that the pixel indexing consists with a 2-D Cartesian coordinate system,
which is the default indexing way in numerical analysis of 2-D image. Therefore the indices ix and iy
serve as dimensionless orthogonal coordinate variables in the discrete model where the image value:

Iix,iy = I(ixsx, iysy) (13)

where sx and sy are the sampling intervals along x-axis and y-axis respectively, while Iix,iy is the
sampled image value on (ix, iy) and I(x, y) is the image value defined on (x, y) in the orginal continuous
model.

2.1.1 Quadrilateral projection based pixelization

Equidistant cylindrical projection (ECP) This method is commonly used in geophysics and climate
modeling. Equidistant pixels on the surface of a cylinder c are projected to the surface of a inscribed sphere
s of the cylinder c towards their symmetry axis. Adjacent pixels on the spherical surface are either of the
same right ascension (R.A.) or of the same declination (Dec.). Pixels on the same parallel (or meridian)
are spaced on adjacent meridians (or parallels) uniformly. Pixels with higher latitudes (closer to poles) have
smaller sizes and greater distorsions in contrast with pixels with lower latitudes (closer to the equator).

Plane projection We start with generating pixels with exactly the same size and shape in the range of
a quadrilateral on a plane p, where pixelization is quite easy. Then the pixels are projected from the plane
p to the surface of the sphere s. The projection can be either radial or paralle. In the radial mode, all
pixels are projected towards the center of the sphere s, while in the parallel mode all pixels are projected
perpendicularly to the plane p. Considering all the virtues we appreciate of a pixelization scheme, we hope
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Figure 1: Plane projection on null position of the surface of a unit sphere. The unit sphere s is centered on
(0, 0, 0), the origin of the xyz 3-D Cartesian coordinate system. The null position is on (1, 0, 0). The plane p
is parallel to the plane yOz. There are 4 pixels on the plane. They are either radially or parallelly projected
to s.

the pixel to be rectangular, therefore the quadrilateral should be rectangular. Pixels on the spherical surface
projected far from the rectangular center have greater distorsions in contrast with those projected from the
central area of the rectangle. Obviously the pixel distorsion is independent of the the position of the pixel on
the sphere but only depends on its original position in the rectangle, more specifically, the distance from the
rectangular center, therefore we can always use rectangles small enough to make the distorsion negligible.

We use the term tessella to refer to a set of pixels on the spherical surface, which are projected from all
pixels within a rectangle on a plane. Hence it suggests that we divide the problem pixelization of a whole
spherical surface into two problems, pixelization of any small region of the spherical surface and tessellation
of the whole spherical surface using tessellae of pixels. Generally speaking there should not be overlaps
or gaps between adjacent tessellae, however, since we will not perform numerical evaluations on different
tessellae in the same time, overlaps only make evaluations on pixels of the overlaps redundant, which is
harmless to our work.

Since all tessellae have the same size and shape, we can generate a set of pixels (i.e. a tessella) on the null
position of the spherical surface and rotate this original tessella to a series of positions to cover the whole
sphere with its traces. In this way we can pixelize any small region of a spherical surface by a set of pixels
on the null position of the surface and a rotation expressed by a quaternion.

As shown in Fig. 1, we define that the null position of the surface of a unit sphere s is (1, 0, 0) and the
plane p is x = 1. We use a square-like tessella, so the pixels set on p is square. The side of the square is
either along y-axis or along z-axis. The center of this square is projected to (1, 0, 0) perpendicularly to p.

As shown in Fig. 2, Fig. 3 and Fig. 4, the pixel distorsions are negligible in a small region close to the
equator, for all the three projection-based pixelization schemes. The distorsions become significant while
the region expends. Although in low latitude region the distorsion of ECP scheme is suppressed better
than those based on plane projection, soon we find that in high latitude regions the ECP scheme suffers
from severe distorsion, even in a small region. But obviously the distorsions of plane projection schemes are
independent of latitudes.
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Figure 2: Pixel distorsion of equidistance cylindrical projection. Left: 11.25◦ × 11.25◦, centering at 0◦

latitude. Middle: 30◦ × 30◦, centering at 0◦ latitude. Right: 11.25◦ × 11.25◦, centering at 60◦ latitude.

. . .

Figure 3: Pixel distorsion of radial plane projection. Left: 11.25◦ × 11.25◦, centering at 0◦ latitude. Middle:
30◦ × 30◦, centering at 0◦ latitude. Right: 11.25◦ × 11.25◦, centering at 60◦ latitude.

. . .

Figure 4: Pixel distorsion of parallel plane projection. Left: 11.25◦×11.25◦, centering at 0◦ latitude. Middle:
30◦ × 30◦, centering at 0◦ latitude. Right: 11.25◦ × 11.25◦, centering at 60◦ latitude.
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2.2 Multi-stage acceleration of modulation

2.2.1 Numerical evaluation of modulation

Definitions Evaluating numerical modulation is ubiquitous in both simulation of observed data and image
reconstruction with direct demodulation method. In HXMT observation the observed data is a function of
the given collimator status, which includes the collimator identifier c, the pointing vector as well as the
azimuth. Both the pointing and the azimuth of a given collimator are related to its rotation. We use the
proper Euler angles to represent the rotation, where the collimator first rotates around z-axis from its null
position by ϕ then inclines from the xOy plane (e.g. the equator) by θ (thus ϕ and θ are R.A. and Dec. of the
position on the celestial sphere where the collimator is pointing), and finally rotates around its own optical

axis by ψ. We call the vector
( ϕ
θ
ψ

)
the status vector of a given collimator, where ϕ, θ and ψ are the R.A.,

Dec., and the azimuth components respectively. In the null position of a given collimator its status vector
should always be (0, 0, 0)T . The image is a function of positions on celestial sphere. Given the observed data
d(ϕ, θ, ψ, c) and the image f(ϕ, θ), the modulation in Eq. 1 can be more specific as:

d(ϕ, θ, ψ, c) =

∫
Ω

p(ϕ, θ, ψ, c, ϕ′, θ′)f(ϕ′, θ′)dΩ, (14)

where p(ϕ, θ, ψ, c, ϕ′, θ′) is the modulation kernel function represents the response of collimator c at position
(ϕ, θ, ψ)T to a unit object at position (ϕ′, θ′), and Ω is the solid angle.

Evaluating the modulation kernel function The modulation kernel function is evaluated through the
point spread function (PSF) P (ϕ, θ, c) of the collimator c, which is the observed data to a unit object at its
null position while the azimuth of the collimator keeps zero. We use a quaternion q to represent the rotation

of a given collimator from its null position to its current position. A status vector
( ϕ
θ
ψ

)
can be decomposed

into two components, the pointing vector r =
( cos θ cosϕ

cos θ sinϕ
sin θ

)
and the azimuth ψ. We can use the azimuthal

vector to represent the azimuth ψ. While the pointing vector is always along the principal optical axis of
the given collimator, the azimuthal vector is always perpendicular to the axis. While the given collimator
is at its null position the pointing vector is parallel with the x-axis. Let the azimuthal vector be parallel
with with the z-axis at the null position. Both the pointing vector r and the azimuthal vector a are 3-D
Cartesian coordinates on a unit spherical surface. From the status vector we can construct the rotation
quaternion q immediately with which we can evaluate the pointing vector r especially the azimuthal vector

a, say,
(
0
r

)
= Q

(
0
1
0
0

)
QT and

(
0
a

)
= Q

(
0
0
0
1

)
QT , where Q is the matrix representation of the quaternion q,

i.e.,

q = (a, b, c, d) ⇒ Q =


a b c d
−b a −d c
−c d a −b
−d −c b a

 .

(
0
r

)
and

(
0
a

)
are the quaternion representations of r and a respectively. Since scalar part of a quaternion

representation of a vector is always zero and the vector part of the quaternion is always the vector itself, we
use the vector and its quaternion representation equivalently. We also use the rotation quaternion and its
matrix representation indiscriminately.

The modulation kernel function can be evaluated through a series of coordinate transforms:

1. Rotate both the given collimator from its current position back to its null position, and perform the
same rotation on the object coordinate meanwhile.

2. Incline the current object coordinate first and rotate it around z-axis so that the object coordinate

goes to
(

1
0
0

)
, and perform the same rotation on the status vector of the collimator.
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The transforms are formulated as:

q1 = (cos
ϕ

2
, 0, 0, sin

ϕ

2
), (15)

q2 = (cos
θ

2
, sinϕ sin

θ

2
− cosϕ sin

θ

2
, 0), (16)

q3 = (cos
ψ

2
, cosϕ cos θ sin

ψ

2
, sinϕ cos θ sin

ψ

2
, sin θ sin

ψ

2
), (17)

q = q3q2q1, (18)

where q1, q2 and q3 are auxiliary quaternions, and q is the quaternion rotates the status vector of the
collimator from its null position to its current position, which is equivalent to the Euler angles ϕ, θ and ψ.
Rotate the status vector by q−1 then it returns to its null position. Perform the same rotation on the object

coordinate and the object coordinate becomes r′′ = q−1r′q−1T . Let ϕ′′ and θ′′ be the R.A. and Dec. of the
object coordinate r′′. Construct another quaternion:

q4 = (cos
θ′′

2
,− sinϕ′′ sin

θ′′

2
cosϕ′′ sin

θ′′

2
, 0), (19)

q5 = (cos
ϕ′′

2
, 0, 0, sin

ϕ′′

2
), (20)

q′ = q5q4, (21)

where q′ rotates the object coordinate r′′ to
(

1
0
0

)
. The total quaternion is then

qt = q′q−1, (22)

which rotates both the status vector and the object coordinate so that the object goes to the null position
and the azimuth angle of the given collimator goes to zero. Thus the modulation kernel is evaluated as:

p(ϕ, θ, ψ, c, ϕ′, θ′) = P

(
qt

cosϕ cos θ
sinϕ cos θ

sin θ

qt
T , c

)
. (23)

With a proper pixelization scheme, e.g., the quadrilateral projection based scheme we discussed in 2.1.1,
we can take advantage of the Cartesian coordinates and rewrite the discrete modulation equations for a given
collimator as:

d(x, y, ψ, c) =
∑
x′,y′

p(x, y, ψ, c, x′, y′)f(x′, y′)∆x′∆y′, (24)

where x, y, x′, and y′ are Cartesian coordinates on the current tessella of the celestial sphere. The numerical
evaluation of modulation kernel function follows the following equations:

p(x, y, ψ, c, x′, y′) = P (qtrqt
T , c), (25)

where r is the pointing vector of the given collimator and qt is the total quaternion defined in Eq 22.

2.2.2 Modulation without acceleration

Global-global algorithm An intuitive way to evaluate the numerical modulation defined in Eq. 14 is
calculating with its matrix form directly. A modulation kernel matrix that relates all possible observed
data to image values is required. But the computational complexity of this scheme increases rapidly with
the sampling frequencies in the data space and image space. For example, the sampling frequencies along
R.A., Dec, and azimuth of collimators are the same, say, N , and there are 18 collimators on the HE detector,
therefore the data vector is 18N3×1, the image vector is N2×1, and the modulation kernel is an 18×N3×N2

matrix. The complexity is thus ∼ O(N5). Even without considering the time consumption, the memory cost
is unaffordable. To achieve the requirement on position accuracy of 1′, N is at least 104, so it takes at least
1010 terabyte with double-precision floating-point format to store the modulation kernel matrix only. It is
impossible to evaluate with a global-global (all possible observed data, plus all image values) kernel matrix.
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Global-local algorithm According to the strategy of HXMT all-sky survey and deep imaging of selected
sky region the observed data is distributed only on a surface of the virtual 3-D space ({ϕ} × {θ} × {ψ}),
given a specific collimator, because the strategy is designed to cover the celestial sphere (i.e., {ϕ} × {θ})
as much as possible. So given the sampling frequency N , although the size of the data space is N3 for a
given collimator, the size of the whole observed data is only ∼ N2 (for all-sky survey mode). Therefore the
complexity can be reduced to ∼ O(N4). However, this is still impractical.

Local-local algorithm The FOV (field of view) of a collimator on the HE is at most 5.7◦ × 5.7◦, so the
mododulation kernel is a sparse matrix. For observed data with a specific pointing, most of the image values
are out of the FOV, thus have no contribution to the observed data at all. By the following steps:

1. dividing the celestial sphere into a series of small sky regions,

2. calculating the local modulation kernel matrix according to the detector status vectors exist in the
local sky region, which has fewer zeros compared with the global kernel matrix, and

3. evaluating the modulations in local sky regions with their local kernel matrices,

the sparse global modulation kernel matrix is compressed into a series of local matrices, then the complexity

can be further reduced to ∼ O( N4

1 000 ) (because the sparsity of the kernel matrix is related only to the ratio
between the FOV and the celestial sphere).

The memory cost for a local evaluation is affordable, however, the time consumption is still too great for a
PC (∼ 105 s for evaluating the numerical modulation of a small sky region). Considering parallel evaluating
of the modulations of all regions it is possible to simulate the observed data by this way, where evaluating of
modulation is required only once for each region. However since hundreds of times of modulation evaluating
are required to finish a direct demodulation through Richardson-Lucy iterations on given observed data, this
scheme is still too slow.

2.2.3 Stage 1: centroid-based clustering of azimuth

Locally steady azimuth component We find another leverage to reduce the complexity while studying
the scanning routes of all-sky survey as well as deep imaging observations. During these observations,
especially during the latter one, the azimuth component of the status vector varies slowly along the scanning
route for a given collimator, i.e., the component is locally steady during the observation. So in deep imaging
observations or in small sky regions of all-sky survey observations the azimuth components of the status
vectors are concentrated in a small range instead of spreading out and fulfilling the whole range of [0, 2π),
as shown in Fig. 5.

Clustering of azimuth components To take advantage of this we use a centroid-based clustering scheme.
We divide status vectors of given collimator into a series of groups. Azimuth components of members of the
same group are close to a central azimuth. Such a group is defined as:

G(ψc, δ) = {(ϕ, θ, ψ) : |ψ − ψc|∞ = δ, δ ≥ 0}, (26)

where ψc is a central azimuth, and G(ψc, δ) is the group (i.e., cluster) defined by ψc and δ. (ϕc, θc, ψc) is
called the cluster center. The other two components ϕc and θc are the average of R.A. and Dec. components
of all the members of the cluster respectively. This central vector may not necessarily be a member of this
cluster. While the supremum norm δ is called the radius of the cluster. The grouping procedure is illustrated
with Fig. 6.
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Figure 5: Status vector diagram of a given collimator during observing in a small sky region. The position
and direction of each arrow indicates the position components and azimuth component of a status vector re-
spectively. Left: status vectors with spreading azimuth components. Right: status vectors with concentrated
azimuth components.
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Figure 6: Grouping by azimuth components. Left: status vectors with different azimuth components. The
deviation of their azimuths has been exaggerated. Right: status vectors grouped (with different colors) by
their azimuth components.
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Figure 7: Approximation with central azimuths. Left:

Azimuth approximation We use the central azimuth ψc to approximate azimuth components of all mem-
bers of the cluster, as shown in Fig. 7. We also use the norm δ to represent the error of this approximation,
which transfers to position error of reconstructed image of simulated observed data by rotating the PSF of
a given collimator around its optical axis, thus the position error of the farmost image values or observed
data in an given FOV are the greatest, which is approximately π

60δ. To meet the requirement on position
accuracy, we use fixed radius 10′ (approximately equivalent to 0.5′ position error).

Reduction of rotation With this approximation we need only to translate the PSF from a position on the
celestial sphere to another to calculate the modulation kernel with given status vectors of a collimator, even
the azimuth components of which are different, as long as they are members of the same cluster. Rotating
the PSF is not necessary unless the azimuth components are of different clusters. In this way a great number
of rotations are reduced for modulation evaluation, which are computationally expensive operations.

2.2.4 Stage 2: circular convolution and FFT acceleration

If in a local small sky region all the status vectors are with a zero azimuth component, i.e., ψ = 0, Eq. 25
becomes:

p(x, y, 0, c, x′, y′) = P (x− x′, y − y′, c),

and the modulation equation Eq. 24 becomes:

d(x, y, 0, c) =
∑
x′,y′

P (x− x′, y − y′, c)f(x′, y′)∆x′∆y′, (27)

which is actually a convolution equation.
Furthermore we adopt periodic extensions for both the image and the observed data in a local tessella,

therefore we can take advantage of the Fast Fourier transform (FFT) to accelerate the evaluation of mod-
ulations. To calculate the modulation kernel function of status vectors with non-zero but constant azimuth
component, it is still feasible by using FFT accelerated circular convolution on the condition that the PSF
is rotated so that the non-zero azimuth component is compensated. It means the complexity can be reduced
substantially at this point.

3 Simulated data and reconstructed images

3.1 PSF of the HXMT main detector

The HXMT main detector, the high energe detector, is equipped with 18 collimators, as shown in Fig. 8.
15 of them are with 5.7◦ × 1.1◦ FOVs, and 3 of them are with 5.7◦ × 5.7◦ FOVs. All the collimators are
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Figure 8: HXMT main detector, the high energy detector.

installed with six different azimuths: ±30◦, ±90◦, and ±150◦. The PSF of collimators as well as the HE
detector are shown in Fig. 9.

3.2 Simulated all-sky survey data

ROSAT All-Sky Survey Bright Source Catalogue(Voges et al. 1996) is used as input to simulate the all-sky
survey data. The original sources and background is shown in Fig. 10. The original sources and background
is modulated by the PSF of HXMT main detector with gradually varied azimuths to simulate the HXMT
all-sky survey data, as shown in Fig. 11. Poisson noise has been injected into the simulated data.

3.3 Image reconstruction in small sky region

At this point image reconstruction in small sky region has been simulated, as shown in Fig. 12.

4 Conclusions

The multi-stage accelerated direct demodulation method we proposed is the successor of the direct demodu-
lation method (DDM) (Li and Wu 1993) and the accelerated direct demodulation imaging method (ADDM)
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Figure 9: PSFs of HXMT main detector. Left: PSF of collimator with 5.7◦ × 1.1◦ FOV; middle: PSF of
collimator with 5.7◦ × 5.7◦ FOV; right: PSF of the high energe detector.
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(Shen and Zhou 2007). The main improvement is that this method we proposed in this article does not imply
the shift-invariant modulation, which is actually convolution. This is achieved by taking advantage of multi-
stage sparsity analysis of the observation of HXMT main detector, such as the sparsity of the global-global
modulation kernel matrix, the sparsity of the global-local modulation kernel matrix, and finally the sparsity
of the local-local modulation kernel matrix, i.e., the azimuth distribution.

The method in this article works. However, there is still work to do. For example, due to the extented
structure of the PSF of the HXMT main detector there are apparent side lobes around a bright source in
reconstructed image, which could be obscure to faint sources. In addition, the method depends on estimation
of the background. Better estimation of the background of HXMT observed data is necessary for a precise
image reconstruction for this mission.
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References

[1] R. G. Crittenden and N. G. Turok. “Exactly Azimuthal Pixelizations of the Sky”. In: ArXiv Astro-
physics e-prints (June 1998). eprint: arXiv:astro-ph/9806374.

[2] A. G. Doroshkevich et al. “Gauss-Legendre Sky Pixelization (glesp) for CMB Maps”. In: International
Journal of Modern Physics D 14 (2005), pp. 275–290. doi: 10.1142/S0218271805006183. eprint:
arXiv:astro-ph/0305537.
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Figure 12: Image reconstruction by accelerated direct demodulation method. Right: observed data with
Poisson noise in a small sky region; left: reconstructed image with 500 iterations in 20 sec.
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