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Abstract

In this work, we study Non-Negative Matrix Factorization (NMF) and compare standard algorithms with an extension to NMF of a Blind Source Separation algorithm using sparsity,
Generalized Morphological Component Analysis (GMCA). We also develop a more robust version of GMCA handling more precisely the priors through sub-iterations, which we call rGMCA.
We present preliminary results showing GMCA is well suited to solve this kind of problem and
in particular that the decreasing threshold it uses is helpful to disambiguate the sources. We
also show that rGMCA is more robust to correlation between the sources.
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Introduction to Non-Negative Matrix Factorization

Recently the rapid development of multi-wavelength sensors in astrophysics has increased the need for
dedicated ecient data analysis tools. Such kind of data are generally made of a collection of observations or images of the same physical phenomena in dierent wavelength bands. It is customary to assume
that these observations are mixtures of elementary physical components which do not share the same
spectrum. In the eld of astrophysics, examples of these components include point sources observed by
the Fermi space telescope.
In this setting, a classically used data analysis technique to extract the dierent physical components
of the data is Blind Source Separation. The model is that the data is a linear mixture of these sources,
in other words:

Y = AS + N
Y

S the sources, A
A and S using the

being the data,

reconstruct both

the mixing/weight matrix and
data

Y.

1

N

the noise. We therefore want to

Depending on the data, several properties can be used to disambiguate the sources, such as the
positivity of both A (if it represents concentrations for instance) and S (which can represent an intensity)
which lead to Non-negative Matrix Factorization (NMF) as we will see in this section. Other

priors can

also be added such as the sparsity in Generalized Morphological Component Analysis, which we adapt
to NMF in section (2.2). We also propose in section (2.3) a more robust version of this algorithm which
properly takes into account the positivity constraints.

Finally, we compare and analyze the dierent

algorithms in section (3).

1.1 Formulation
The NMF problem can be seen as a geometrical problem, such as in [1], or a statistical problem related
to independent component analysis as in [2] for instance, but we will here focus on the optimization
formulation.
We will use the following notations:

•
•
•
•
•
•

n the number of samples of the signals.
m the number of observations.
r the number of sources. Typically, r < n and r ≤ m and r is given.
Y ∈ Mm,n (R) the data matrix.
A ∈ Mm,r (R) the observation/mixing matrix, which is unknown.
S ∈ Mr,n (R) the source matrix, which is unknown.

Whitout noise, the model is
to the data

Y

Y = AS

so that we want our reconstruction

for a given distance or divergence

(

argmin
A,S

D,

AS

to be as close as possible

which yields the minimization problem (1).

D(Y ||AS)
(1)

∀(i, j) Aij ≥ 0, Sij ≥ 0

D(Y ||AS) = 12 ||Y − AS||22 , which means we want Y to be as
norm. This corresponds to maximizing the likelihood when the data is corrupted by

A usual choice for the divergence is
close to

AS

in

L2

Gaussian noise. Other choices include for instance Kullback-Leibler divergence [3] among others [4] in
order to include dierent noise

priors.

In this work we will focus on the quadratic dierence such as it

is written above.
There are 2 indeterminacies which are essential to notice:

•

scale : with ∆ a diagonal matrix of size r × r with strictly positive coecients, we have AS =
(A∆)(∆−1 S). It is therefore impossible to recover the exact scaling which are shared between A
and S . A normalization is usually applied on A to prevent this scaling issue to interfere with the

convergence.

•

permutations :
permutation

π

P
i
π(i)
i
(with ai a column of A and s a line of S ) for any
i ai s =
i aπ(i) s
so that even without considering the scaling issue, we can only recover A and S up

AS =

P

to a permutation.

Finally and most importantly, because of the product between

A

and

S,

the NMF problem is not

convex and can present several local minima which makes the problem extremely dicult to solve.
However the sub-problem in

A,

which reads for instance
argmin
A≥0

and the sub-problem in
in

A

and

S,

S

1
||Y − AS||22
2

are both convex. Most algorithms rely on this fact, minimizing alternatively

in order to converge to a minimum which may however not be global. Still, we can hope to

nd a unique solution for the whole NMF problem under some conditions [5] (up to the indeterminacies).

2

1.2 Standard Algorithms
One of the rst algorithms aiming at solving NMF is the multiplicative update rule [6]. At each iteration
we alternatingly update

A

and

S

with a point-wise multiplication between the current value and a well-

chosen positive matrix, hence keeping the positivity property. This positive matrix is chosen so that the
cost function does not increase.


with

A←A
S←S

the point-wise multiplication and

(Y S T )
(AT Y )

(ASS T )
(AT AS)

(2)

the point-wise division. Because of this division, it can be

necessary to add a small regularization to the denominator in order to avoid dividing by 0.
This multiplicative update rule is widely used in practice and is usually considered as a standard
because of its convenience, with no parameter to set, and for being among the rst algorithms in the eld
[3] [6]. However, it has been shown to be slow and does not yield very good results. Also, the algorithm
may not even converge to a local minimum as it is observed experimentally in [7] and well explained in
[8].

In the case of the least square cost function it is however easy to solve the exact unconstrained
problem, which can then be projected on the positivity constraint [9]. Indeed, considering
T
(as long as SS
is invertible):

A for instance

∂D(Y ||AS)
= 0 ⇐⇒ A = Y S T (SS T )−1
∂A
With the notation

[x]+

standing for

max(x, 0),

the update rule for this algorithm, usually called

Alternating Least Squares (ALS), is:

(



A ← Y S T (SS T )−1 +


S ← (AT A)−1 AT Y +

(3)

This method is also widely used since it is extremely simple to implement and ecient in decreasing
the cost function. However, as we mentioned, it is only convenient for the least square cost function.
Also, as there is no convergence property, we will show in section (3.6) that ALS can present some
instabilities when getting close to the solution.

2

NMF and Sparsity

2.1 BSS and Sparsity
In BSS, the aim is to extract several source signals from observations in which all the sources can be
mixed. In order to dierentiate the sources, it is essential that they present some kind of diversity. Typically, the independence of the sources is often used, yielding Independent Component Analysis (ICA).
However, recently, a new type of diversity based on sparse representations of signals has drawn the
attention of the research community [10]. The idea is that in some well-chosen domains, it can be easier
to distinguish the sources.

In the cocktail party problem for instance, several people are talking at

the same time, but they can be distinguishable in the time-frequency domain since they have dierent
voice pitches. These "nice" domains are the ones which tend to concentrate the information (make the
signal sparse) and therefore if the sources are not too correlated, these concentrations will appear at
locations dierent enough to disambiguate the sources. This can be modelled by using a sharp

prior on

the distribution of the values [10] or by imposing that the signals contain few active coecients such as
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in Generalized Morphological Component Analysis (GMCA) [11].
In comparison to ICA, sparsity based methods have been able to better take into consideration correlation between the sources. They can be fast to compute and robust to local minima. Finally, as noise
is typically not sparse it is much easier to dierentiate it from the sources in these sparse domain and
therefore the sparsity based algorithms are more robust to noise.

2.2 GMCA for NMF
Considering the contributions of sparsity to BSS, it seems natural to try including sparse
in NMF problems.

priors as well

This has already been done with some success by extending NMF algorithms to

sparsity [12, 13, 14]. We propose here to extend a sparse BSS algorithm, GMCA, to NMF. To this end,
we need to recast the problem under another form. Considering the least square data delity term and
adding a sparse

prior λ||S||1 to the cost function in order to favor solutions with many zeros in S (which

is the case for a spectrum for instance), we obtain the following problem:

(

1
argmin 2 ||Y
A,S

− AS||22 + λ||S||1
(4)

∀(i, j) Aij ≥ 0, Sij ≥ 0
However, if we dene the characteristic function of the positive orthant

IR+
:
mr

IR+
: Mmr (R) → R̄
mr
(
0 if ∀(i, j) Xij ≥ 0
X→
+∞ otherwise

(5)

we can recast the problem (4) under the unconstrained form:
(4)

⇐⇒ argmin
A,S

1
||Y − AS||22 + λ||S||1 + IR+
(A) + IR+
(S)
mr
rn
2

Let us now focus only on the update of

S

and consider therefore that

A

(6)

is xed. Notice that the cost

function is convex, as a sum of convex functions. It can actually be split into a convex and derivable
2
1
function 2 ||Y − AS||2 and a convex non-derivable function λ||S||1 + I + (S) which admits an explicit
Rrn
proximal operator:
+
proxI
(X) = [X − λ rn ]+ = STλ (X)
+ +λ||.||1

1

Rrn

with

1rn the matrix of size r × n and full of ones, and ST standing for "soft-thresholding".

We will also

use HT for "hard-thresholding".
The idea of GMCA is to solve exactly the least square data delity term and then project on the
non-derivable

priors and constraints using the proximal operator. The solution of the problem is a xed

point of this process.
As the

L1

penalization induces a bias, the authors prefer to use hard-thresholding (setting to zero

all coecients smaller than the threshold in absolute value) instead of soft-thresholding in the proximal
step, approaching an

L0

regularization. While this is not rigorous, it yields good results in practice.

One important feature of this algorithm is the use of a decreasing thresholding parameter. In other
words, the problem evolves from a large penalization parameter

λ

to smaller and smaller one, much like

the regularization parameter in [15] though it is not applied in the same way. This strategy has a number
of advantages:

•
•

identifying the mixing directions using the largest coecients and rening them afterwards.
converging faster [16] especially when using sub-iterations.
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•

converging to the global minima as it is the only one which remains stable for a varying thresholding
parameter. [11]

•

denoising when necessary, as thresholding is often used as a non-linear denoiser.

The algorithm such as we adapted it and used it is given in Algorithm 1. We will explain in a subsequent
section how to choose the evolution of the threshold throughout the iterations.

Input: Y (measures)
Output: A and S
Initialize A0 , S0
n=0

while not converged do
n=n+1

Choose λn
T
−1 T
Sn = HT+
An−1 Y )
λn ((An−1 An−1 )

An = [Y SnT (Sn SnT )−1 ]+
A = AN
S = SN

Algorithm 1: GMCA for NMF

Finally, as a way to avoid the scaling issue, after both the updates the scale is re-spread equally
between

S

and of

A.

This leads a column of

A

and its corresponding row of

norm, since there does not seem to be any reason to privilege either

S

or

A

S

to have the same

L2

in this setting.

2.3 Robust GMCA for NMF
While GMCA is extremely fast, it does not solve the exact constrained sub-problem at each iteration
and it is limited to the case of the least square data delity term. We propose here to overcome this
issue by using an iterative algorithm able to solve the constrained sub-problems. This has already been
partly done by Lin [17] but a very appropriate framework to incorporate both positivity and sparse

priors is proximal splitting and in particular the Forward-Backward algorithm [18] also reviewed in in

[19], and which can be accelerated such as in [20] and FISTA [21] which is the algorithm we use in practice.
With the same splitting as in section 2.2, we can directly use FISTA to compute the solution of the
constrained problem:
argmin
S≥0

1
||Y − AS||22 + λ||S||1
2

The pseudo-code of our algorithm called robust GMCA can be seen in Algorithm 2, where the subproblems are solved using FISTA [21].
Our approach diers from [17] by using the decreasing

L1

regularization from GMCA and the accel-

eration from [20] while using the largest step size allowed in the theory. It also diers from [22] who did
not use the

L1

decreasing regularization either and who uses the acceleration but does not sub-iterate

hence losing the theoretical warranty of fast convergence.
Finally, just as with GMCA, instead of solving the problems using soft-thresholding, we can use
hard-thresholding to approach an

L0

penalization. In order to dierenciate both versions, we will call

(H)rGMCA the version using hard-thresholding and (S)rGMCA the version using soft-thresholding.
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Input: Y (measures)
Output: A and S
Initialize A0 , S0
n=0

while not converged do
n=n+1

Choose λn
Sn = argmin 12 ||Y − An−1 S||22 + λ||S||1
S≥0

An = argmin 21 ||Y − ASn ||22
A≥0

A = AN
S = SN

Algorithm 2: rGMCA for NMF

2.4 (Re)initializations
As a starting point for all the algorithms, a random initialization is used with several steps of ALS as it is
the fastest decreasing algorithm at the beginning. Also, we use some corrections such as Optimal Brain
Surgeon [23] to help get a correct initialization using second order information. While this is relatively
slow to compute, it can be worthy at the very beginning.
In the GMCA-based algorithms, since the values of the threshold are large in the beginning of the
algorithms, it often happens that a row of

S

or a column of

A

is set to 0, and hence both the line and

the corresponding column are set to 0 after sharing the amplitudes between

A

and

S.

As they will not

reappear by themselves (this position is stable), they need to be reset eciently.
A fast way is to check the residue

Y − AS .

As we are looking for a row of

S

A which is
[Y − AS]+ .

or a column of

positive and correlates positively, we can discard the negative part of the residue and study

We can directly select a new mixing direction among the columns of the positive residue to make sure
it correlates positively with at least one column in
with the largest

L2

norm, yielding a new direction

the positive correlation between the selected

a

A.
a.

We take for instance the column of

[Y − AS]+
s as

We nally dene the corresponding row of
T
and the residue: x = [a [Y − AS]+ ]+ .

We then keep looping to ne other directions if need be, using the new residue

[[Y − AS]+ − as]+ .

This method is somehow similar to the "Random Acol" procedure proposed in [24], shown to be relatively ecient and very fast.
While we did not write it in the pseudo-code of the algorithms, this method is implemented for ALS,
GMCA and rGMCA so that a line and/or column is reinitialized as soon as an algorithm sets it to zero.

2.5 Thresholding Strategy
At the beginning of all the GMCA-based algorithms, we want only a small set of elements in

S

to be

active, as they will be the largest coecient, more likely to be relevant. The solution can then be rened
little by little. To do so, the threshold must evolve from a large value to its nal value

λ∞

swiftly enough

to preserve the continuity of the solutions. It will still be necessary to choose a number of steps

N

large

enough to apply the strategy. Also, in our experiments, we applied the decreasing threshold strategy for
60% of the iterations and left the threshold xed to its nal value

λ∞

for the remaining iterations, in

order for the solution to be able to stabilize itself with the nal threshold.
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For GMCA, we preserve this continuity by choosing the evolution of λ so as to have a linear increase
1
of the number of active coecients, starting from a fraction of N coecients active until the activation
of all coecients above λ∞ .
When a signal is contaminated by a white noise of standard deviation
at

λ = 3σ

σ,

it is classical to use a threshold

in order to denoise it. The noiseless case will be considered in the experiments so that

λ∞

is

set to 0.

The thresholding strategy is nearly the same with (H)rGMCA. Indeed, we can roughly select the
number of coecients which will be activated for a given threshold by computing a rst gradient step

Sn−1 − τ ∇S D(Sn−1 )
However, unlike with GMCA, this is only an estimate, and the thresholding mostly applies on the gradient and not the actual values.

On the other hand, the soft-thresholding step for the source estimation in (S)rGMCA is very dierent
and can be seen as:

Sn ← [Sn−1 − τ ∇S D(Sn−1 ) −
The continuity is preserved as long as

λ.

decrease for

λ

λ
1rn ]+
L

evolves swiftly, so that for soft-thresholding, we will use a linear

As for the initial threshold, we want the signals in

few iterations, so that we can take

λ0

to be

max(−∇S D(S0 )).

S0

to contract towards 0 for the rst

Indeed, only the highest coecient, which

are more likely to be signicant, will then remain active

3

Experiments

3.1 Settings
We generate

A

and

S

uniformly respectively from the distribution of

|BpA GαS |

and

|BpS GαS |,

• Bp is a Bernoulli variable with activation parameter p, i.e it has a probability of p to
1 − p to be 0.
• Gα is a generalized centered and reduced Gaussian variable with shape parameter α.
In practice
zeros in

A

p

and

and

S,

α

control 2 kinds of sparsity: the Bernoulli parameter aects the number of actual

while

α

selects the sharpness of the distribution. As special cases, for

α = 1 it is a Laplacian variable.
density). Both A and S will have

Gaussian variable, and with
lower

α,

where:

be 1 and

the sparser the

With

α ≤ 1, Gα

α = 2, Gα

is a

is considered as sparse (the

dierent distribution parameters which we

will dierentiate with subscripts. In the following sections, the data we will consider is directly

Y = AS .

This model is still very simple as for now all the signals have the same intensity, and we do not add
any noise.

A ∈ Mm,r (R) is the mixing matrix, S ∈ Mr,n (R) is the
m the length of the signals, r the number of sources. We
number of sources r and their sparsity αS which have an

If we keep the same notations as previously,
source matrix, with

n

the number of samples,

will study in particular the inuence of the

important impact on the complexity of the problem.
We will evaluate GMCA, (H)rGMCA, (S)rGMCA and compare them with the multiplicative update
rule as it is one of the most used algorithm and is the historical way to deal with the problem, and
with ALS which is simple and yield much more competitive results. As here

λ∞ = 0,

we will not add a

sparse penalization for ALS and the multiplicative update. This preliminary study will therefore permit
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to observe the inuence of a decreasing threshold and the dierences between GMCA and rGMCA.
Since the convergence of the algorithms is not always clear, we stopped the algorithms after a large
enough number of iteration which we set to 500 (except for the multiplicative update which is much
slower) and 100 sub-iteration maximum for (H)rGMCA and (S)rGMCA though in practice the average
number of subiteration is about 30.

3.2 Evaluation of the Results
We need evaluation methods which are scale invariant and permutation invariant. We propose to use
2 simple criteria based on the matrix
apply any sparse

prior to it.

A,

which is less biased by the thresholding than

We will write

Aref

for the reference (ground truth) of

estimate. In order to make it scale invariant we rescale all the columns of both

•

A

A

S

as we do not

and

Aest

for our

to unit norm.

For a signal x and an estimation of it y , we can compute a signal to noise ratio: SNR(x, y) =
||x||2
20 log10 ( ||x−y||
) which tends to innity for perfect reconstruction. We can therefore compute an
2
SNR for each pair of reference mixing direction (column of Aref ) and estimated mixing direction
SNR
(column of Aest ), yielding a matrix M
= ( SNR(airef , ajest ) )ij . We nally need to associate the
reference and estimated mixing directions by pairs, in other word each reference direction will be

Π
SNR
π̂ = argmax tr(Mπ,π
) with the Hungarian

associated to a unique estimated direction in order to bypass the permutation invariance. With
the set of all permutations, this can be done by solving

π∈Π
SNR
1
algorithm. We can nally compute the mean SNR value for the estimate as r tr(Mπ̂,π̂ ) which is
the rst criterion we will use.

•

As the problem is multiplicative, it also makes sense to use a multiplicative criterion. In order to
T
do this, a rst possibility is to compute Arccos(Aest Aref ) where Arccos is computed componentwise. As the columns of Aest and Aref are normalized, this matrix represents the angles between
airef and each ajest . Once again, we can apply the Hungarian algorithm and nd

each

min
π∈Π

1
tr(Arccos(ATest Aref )π,π )
r

which is a criterion tending to 0 for perfect reconstruction.

3.3 Inuence of the number of sources
As a rst setting, we can have a look at the evolution of the criteria and their standard deviation when
the number of sources is increasing. Indeed, this parameter controls an important part of the complexity
of the problem: it increases the possible confusion between the sources and the number of variables to
estimate. The other parameters are set to:
(not sparse),

pS = 0.8, αS = 1

m = 200, n = 200, pA = 1

(all coecients active),

("Laplacian sparse"). As there is no noise,

λ∞ = 0

αA = 2

is used for GMCA-

based algorithms.
There are several things to observe from the results of this experience which can be seen in gure 1:

•

both criteria behave as was expected, increasing with the number of sources for the mean angle,
while the mean SNR is decreasing. We cut the curve for the multiplicative update which is clearly
not as good as the other algorithms.

•

GMCA-based algorithms outperform the others. However, they do not perform best on the same
settings.

Indeed, for a very low number of sources, GMCA performs extremely well.

When

increasing the number of sources, all the algorithms have more diculty to solve the problem, but
(H)rGMCA performs best. Finally for a large number of sources, (S)rGMCA identies the sources
better than all the other algorithms.
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Figure 1: Inuence of r on the reconstruction of A
•

(S)rGMCA and (H)rGMCA are more consistent/robust in solving the NMF problem.

Indeed

we can observe that they have the lowest standard deviation for all the criteria (except for the
standard deviation of the SNR for the multiplicative update, which is consistently not performing
well).

•

as in the nal iterations ALS and GMCA are performing exactly the same update rules for
and

S,

A

we can clearly observe that the decreasing threshold helps avoiding local minima because

GMCA is consistently performing better than ALS.

3.4 Inuence of the approximate sparsity of the sources
Let us use the same settings as in the previous experience but:

•

xing the number of sources

r

to 35 in order to focus on the breaking point where soft-thresholding

becomes better than hard-thresholding.

•

having the parameter

αS

vary from 0.4 to 1, i.e. from very sparse to sparse, in the sense of the

sharpness of the coecient distribution. This sharpness is a measure of complexity of the problem
as well.

Indeed, the sharper, the better is our model and sparsity, and the less correlated the

sources are.
The result can be observed in gure 2.
While all the algorithm are sensitive to

αS

and become less and less ecient when the sparsity is

reduced, (H)rGMCA is the most aected. Indeed, it is very ecient for very small
gives better result for larger

αS

but (S)rGMCA

αS .

The same behaviour could be observed if we changed the activation rate. However, we could show
that the behavior of GMCA is much more dependent on it. Indeed, for low activation rate the precision
of the reconstruction is extremely high but decreases quickly so that for large activation rate (S)rGMCA
becomes better. As both (H)rGMCA and GMCA apply the same thresholding strategy, the dierence
must come from the ALS algorithm which does not take well enough into account the correlation between
the sources.

3.5 L0 and L1 Regularizations
L1

regularization leads to soft-thresholding, while hard-thresholding tends towards an

L0

regularization.

It was observed that both thresholdings led to dierent behavior in the NMF problem. In order to give
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Figure 2: Inuence of the activation rate αS on the reconstructions of A
an explanation to this dierences, it is important to understand what eect they have on signals. As
can be observed in gure 3 for 2D points with components

s1

and

s2 ,

points which have large values for

two sources suer soft-thresholding twice as much as the ones having only one large value, while with
hard-thresholding no large value is penalized.
This is denitely linked to what was shown previously. Indeed, in the case of high sparsity and small
number of sources, we observe very large coecients along the mixing directions and many unimportant
small coecients Those small coecients are not selected by either thresholdings but soft-thresholding
will induce a bias which does not appear with hard-thresholding. It is therefore logical to observe better
results of (H)rGMCA in these cases (see gures 1 and 2).
On the other hand, with a larger number of sources, or less sparse data, we increase the probability
to obtain points in the quadrant (large values in at least two directions) as there will be more correlations
between the sources. By penalizing both values, soft-thresholding tends to give a larger relative weight
to the larger of the values hence privileging this direction and un-mixing as much as possible. On the
contrary, a point appearing in the quadrant will not be penalized anymore by hard thresholding and
comes with its full force, which can unbalance the algorithm if the mixing directions were not properly
determined.

3.6 rGMCA Vs GMCA: a Matter of Constraints
In order to understand better why each algorithm behaves better in one case or another, it is interesting
to have a look at the evolution of the SNR during the iterations on one example, which can be seen in
gure 4 for both GMCA and (S)rGMCA. For this test, the parameters are set to

t = 35, αS = 1

and

pS = 0.8.
We observe that GMCA results decay when no more thresholding is applied. In practice it is possible
to observe than

S

slightly "drifts", losing their sparse

prior, hence the "rening iterations" are actually

detrimental to the results of GMCA. At very large number of sources, this drift is such that we loose
the contribution of the decreasing threshold: ALS and GMCA have nearly the same results as can be
observed in gure 1. On the other end, the SNR with rGMCA greatly improves once the sparsity parameter
and

S

λ

is set to 0. A properly applied positivity constraint can help rening the reconstruction of

once the sources have been suciently disambiguated.
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A

Figure 3: Comparison of soft-thresholding and hard-thresholding
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Figure 4: Evolutation of the SNR on A over the iterations in a representative example
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Another important indicator to observe is the cost function. As can be seen in the table 1, GMCA is
at pain to decrease the cost function and in practice it oscillates when getting too close from the optimal
reconstruction. On the other hand, rGMCA can decrease the cost function much further. Once again,
this show that not taking properly into account the constraint when there are correlations between the
sources lead to instabilities near the solution.

Algorithm
GMCA
(S)rGMCA

Cost value
1.8760
0.0053

Std. dev.
0.9357
0.0023

Table 1: Final cost value for GMCA and rGMCA

Analysis and conclusion
We have tested several algorithms for NMF using simple conditions:

•
•
•
•
•

perfect linear mixture model
sparse data (both in exact sparsity and approximate sparsity)
a known number of sources for the reconstruction
no noise
same energy for all the sources

In these conditions, we have observed that GMCA performs extremely well in most cases, and that the
thresholding strategy has an important impact on the separation of the sources and improves the results.
However, in dicult cases such as with large number of sources, or data which is not sparse enough,
rGMCA performs better.

Throughout our experiment, we demonstrated that handling correctly the

positivity constraints is essential in these cases. Indeed, the correlation between the sources seems to
make the global minima unstable when not taking the positivity into account. It is also better to use
soft-thresholding than hard-thresholding in those cases and we will therefore focus on soft-thresholding
in our future works. Still, rGMCA does not perform as well in more simple cases. The positivity constraint seems therefore too tight to disambiguate the sources properly.
In future works, we plan to combine GMCA and rGMCA in order to enjoy the contribution of both
algorithms. We intend for instance to try initializing rGMCA with the results of GMCA. We will also
compare our work with state of the art sparse NMF algorithms. As being able to deal with noise is very
important for practical applications, we will study its impact on the algorithms. Finally, most signals in
applications are not sparse sparse in the direct domain so that it will be interesting to handle this

prior

it in dierent bases such as in the wavelet domain.
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