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Abstract—In this work we investigate a new approach to
remove the bright compact source contribution to the Cosmic
Microwave Background (CMB). Bright compact source emissions
contaminate the full-sky CMB data over a significant fraction of
the sky. Besides, at small scales (typically multipoles greater than
2000), they represent the dominant foreground contribution to
the CMB. These emissions should therefore be removed from
CMB data if a full-sky estimate of the components is sought
after. However their spectral variability makes difficult to blindly
separate them from other emissions, even using the recent stateof-the-art localized source separation techniques. To date, after
detection, the brightest sources are either masked and inpainted
prior to CMB analysis, or their flux is estimated by minimizing
a local χ2 with a background assumed constant. In this work,
we rather propose to estimate the flux of the brightest compact
sources in the CMB data using a morphological separation
approach, including a less crude model for the background. We
propose to separate compact sources with know support and
shape from a background assumed sparse in the spherical harmonic domain. Results supporting this approach are presented
on full-sky simulations of compact source contributions to CMB
maps based on the ERCSC catalogue [1].

I. I NTRODUCTION

F

ULL-sky CMB missions primarily aims at measuring
the full-sky Cosmic Microwave Background (CMB)
anisotropies so as to ultimately provide key information about
cosmic inflation. These missions are also expected to provide
breakthroughs in the knowledge of the interstellar medium and
galactic and extra-galactic emissions.
These objectives are challenged by the importance of
the galactic and extra-galactic foreground contributions (synchrotron, free-free, dust, compact source emissions to name a
few) to the microwave sky temperature and polarization (even
prevailing in some regions of the sky). In this work, we focus
on specific emissions: those originating from compact sources.
As already detected and reported by Planck or WMAP
collaborations (see [1], [3]), bright compact source emissions
cover a significant fraction of the sky even at high galactic
latitudes where the CMB is less affected by other foregrounds.
These emissions are also expected to be the dominant contribution in the data at CMB frequencies for multipoles typically
greater than 2000, and compact source residuals impact analysis of gaussianity of CMB. Adequately subtracting them would
significantly reduce foreground residuals in the full-sky CMB
map and would also improve our knowledge of the full-sky
galactic components as well, by reducing residual propagation
due to subtracting the estimated CMB from the input data
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(see for instance Fig. 3 in [2] for simulations of the various
contributions at 70 and 100 GHz, and the effect of bright
source removal).
It is also well-known that these emissions display a high
spectral variability, which makes very difficult to estimate
them with generic source separation techniques that implicitely
rely on the factorization of spatial and spectral information
(see for instance [4]–[6]). It was also reported in [3] that at
least one-third of the extragalactic WMAP sources display
temporal variability with high confidence, with more than a
2:1 range in fluxes, making flux extrapolation from already
existing compact source catalogues inadequate and implying
that each CMB dataset should be processed independently to
estimate compact source fluxes. A dedicated source separation
technique, considering each compact source individually with
its own spectrum, should therefore be followed to remove
compact source emissions from CMB data.
Typically, detected compact source emissions are masked
prior to CMB data analysis, in particular for power spectrum
estimation where the price to pay is a small loss of sensitivity
for low multipoles (see for instance [7], [8]). It was also
shown in [9] that masking bright radio-source emissions (but
not in the case of infra-red sources) allows to reduce their
influence on non-gaussianities. The effect of the mask leading
to more difficult analysis of the CMB at large scales, it was
also proposed to interpolate data in the mask using inpainting
techniques to obtain a full-sky estimate of the CMB. For
instance it was shown that sparse CMB inpainting, based on
the sparsity of the CMB in spherical harmonics, preserves
the statistical properties of the CMB data [10], the Integrated
Sachs-Wolfe signal [11] and the weak lensing signal [12]. This
approach is however expected to be inaccurate in estimating
the CMB in the masked regions, which would be detrimental
to galactic studies.
A less conservative approach consists in removing the
compact source from the CMB data by first modeling the
background due to diffuse emissions, then modeling the
compact source shape (by modeling the instrument Point
Spread Function or PSF), and then estimating the flux by
aperture photometry or PSF fitting. This was done for instance
to estimate the compact source flux in [1], [3] where the
background was modeled as a baseline and the fluxes where
estimated using a local χ2 . In this work, based on morphological source separation techniques developed in signal
processing, we rather propose to use a more flexible (and
potentially more complex) model for the background: we
assume that it is sparse in the spherical harmonic domain and
that the compact source are a sparse component in the direct
observed domain. This approach is described in section II, also

including the algorithm proposed to solve the corresponding
inverse problem. Results on compact source residual removal
in full-sky CMB simulations are presented in section III and
conclusion and perspectives are drawn in IV.
II. M ETHODS
Without any information on the morphology of the compact sources, estimating accurately compact source emissions
would be hopeless since no spectral information is reliable for
all point sources. However, the morphology and positioning
information are already included in compact source catalogues,
and this information can be used to separate this localized
contribution from diffuse components (more precisely residual
point source emissions from CMB in this work). In the next
paragraph, we present the core of the method for separating
diffuse and compact source emissions.
A. Parameterization of the problem
As in sparse inpainting, the sparsity of the CMB in spherical
harmonics will be a key ingredient in our approach and we will
use the `1 norm to enforce sparsity of the CMB in this domain.
Furthermore we will impose morphological constraints on the
compact sources (we know their shape and location according
to a compact source catalogue and models of the instrument
PSF). As we propose to remove compact source residuals in
CMB map, no positivity constraint nor other bounds on fluxes
are enforced in this work.
The notations are as follows. Matrices are indicated in
bold. All spherical maps used are pixellated according to
the HEALPix representation system (see [13]): a map of
resolution parameter Ns is written as a vector m of size
Ne = Ns × Ns × 12. Its spherical harmonic coefficients are
indicated by m̃ = Sm where S is a Na ×Ne matrix describing
the spherical harmonic transform. The norm of a matrix A is
||Ax||2
.
defined as ||A||2 = maxx6=0
||x||2
Using all the constraints described previously, we propose
to solve the following problem:
minimize β||c̃||1 + γ||f ||1 s.t. d = c + Bf
c,f

(1)

where c ∈ RNe is a vector containing the (cleaned)
CMB estimates for each pixel and c̃ its spherical harmonic
decomposition, f ∈ RNp is a vector storing the flux of the
Np compact sources. B is a Ne × Np normalized matrix
such that ||B||2 ≤ 1. This matrix operates on fluxes and
implements the local projection of the convolved PSF with
the point source shape at the location of the point sources.
Finally d ∈ RNe corresponds to the original CMB data with
point source residuals.
This problem in (1) can be recast as:
minimize β||α||1 s.t. d = Kα
α

(2)

where α ∈ RNe +Np is a vector with c̃ and f concatenated
and K is a Ne ×(Ne +Np ) operator obtained by concatenating

as columns the inverse spherical harmonic transform S∗ and
B appropriately weighted.
The problem described in (1) or (2) is a convex problem, and
is related to a constrained morphological component analysis
or a basis pursuit problem (as described in [14]) with a
deconvolution step. Using sparsity to separate morphologically
distinct components in datasets has originally been proposed
in [15], [16], and coined morphological component analysis
(MCA). Based on the work of [17], [18], such problem has
theoretically a unique solution if c̃ and f are sparse enough
and the dictionary obtained by concatenating S and B is
incoherent enough (as measured using the Gramian matrix of
the dictionary see [18]). In practice, if the compact sources
are sparse and not completely overlapping in the observed
domain and the dictionaries are expected incoherent (in the
plane, maximal incoherence is obtained from the union of a
Dirac and a Fourier dictionary), the CMB signal only displays
a polynomial decay of its harmonic coefficients with increasing
multipole. It therefore seems difficult to predict if the problem
of (1) or (2) has a unique solution, the one we are looking
for or if a specific combination of point source fluxes could
reduce the `1 norm of the CMB in spherical harmonic space.
The simulation will therefore be useful to indicate at which
accuracy we can recover both CMB and point source fluxes
with such approach.
In the next section, we present the algorithm proposed to
solve such problem.

B. Proposed algorithm
To minimize the number of computer time demanding
operator K per iteration, we propose to use the primal-dual
algorithm described in [19] to solve problem (2): only one
application of K and its adjoint is required per iteration. The
algorithm reads as follows:
Basis pursuit with deconvolution using
Primal-Dual approach
1
1- Choose τ, σ s.t. τ σ < , c̄0 = c0 , f¯0 = f 0 and
2
(c0 , f 0 , y 0 ) ∈ RNe × RNp × RNe .
Choose also the hyperparameters γ, β.
2- Iterate (n ≥ 0):

y n+1 = (y n + σ(B f¯n + c̄n − d))






 n+1
c
= S ∗ [ST τ β ]S(cn − τ y n+1 )
n+1
f
= ST τ γ (f n − τ B ∗ y n+1 )



n+1
¯

f
= 2f n+1 − an


 n+1
c̄
= 2cn+1 − cn
where ST τ β is the soft-thresholding operator applied
component-wise: [ST τ β x]i = sign(xi )[|xi | − τ β]+ . In practice, we chose γ = 0 since sparsity is already encoded in the
support of the point sources so as to avoid balancing the two
`1 norms through the choice of hyperparameters, and we chose
τ = σ = 0.7. c0 and f 0 were initialized at 0, and we checked
that a range of hyperparameters β experimentally lead to faster

convergence by enforcing more rapidly the equality constraint
condition (we chose in the following β = 1e − 4).

TABLE I
N ORM OF R ESIDUAL FOR TOTAL MAP ( M K CMB).

C. Full sky CMB simulation
We then considered the problem of estimating residual compact sources emission in a realistic full-sky and noisy CMB
map with resolution paramater Ns = 2048, at a resolution of
5’, as illustrated in Figures 1 and 2.
In a first simulation, the proposed algorithm was compared
with sparse inpainting. The simulated sources consisted in all
non-extended sources detected in the Early Release Compact
Source Catalogue (ERCSC) at Planck frequencies ranging
from 143 to 857 GHz [1], convolved with a 5’ isotropic
beam and projected onto the Healpix grid. Independently and
identically distributed Gaussian noise was then added to the
CMB map, with standard deviation set to the typical value
of the noise obtained after source separation in Planck data.
The amplitude of the point source residuals after convolution
is simulated by taking a uniform draw between zero and the
maximum of the CMB simulated data (this range typically
corresponds to the amplitude of point source residuals in CMB
maps), with random sign.
In a second simulation, we also investigated the impact
of uncertainties in the point source location. In this case we
considered only the sources at 857 GHz and the uncertainties
were modeled as some offset from true point source drawn
from a Gaussian variable with mean and standard deviation
according to the ERCSC estimates obtained in Monte-Carlo
simulation (with a mean of about 9” and a standard deviation
of about 13”, see [1]).
Finally we compared the proposed approach with fitting the
PSF with a constant or second order background in the same
setting as the first simulation but with amplitude simulated in
between half and twice the maximal CMB value, to cover a
broad range of residual amplitudes.
III. R ESULTS
The results of the first simulation are presented in Figure
3. Since sparse inpainting of the CMB preserves statistical
properties of the signal, it seems quite difficult to identify
by eye differences in between the inpainted maps and the
proposed approach where point source residuals are estimated
and subtracted from the CMB map. Some regions with visible
differences are therefore outlined in red in panels A and B.
However important differences can be noted on residual maps
displayed on panels C and D: inpainting does not perform
well at estimating the CMB in masked regions whereas the
proposed approach allows to reduce the point source residuals
at the level of the noise. Subtracting this inpainting map from
the original data to estimate galactic components for instance
would propagate these residuals into the subsequent analysis.
Results when the point source location is only known
approximately are displayed in Figure 4 and quantitative
measures are reported in Table I. These uncertainties only lead
to small residuals compared to those obtained by performing
inpainting, and therefore the proposed approach seems robust
to typical expected positioning errors.

No uncertainty

Uncertainty

Inpainting

12.21

12.99

56.11

Norm of Residual

TABLE II
Q UANTITATIVE COMPARISON OF PSF FITTING AND PROPOSED APPROACH .
U NITS ARE IN M K CMB FOR NORMALIZED BEAMS .
Fit with

Fit with

Proposed

Baseline

2nd order

1200 its

Root Mean Square Error

0.410

0.176

0.092

Mean Absolute Deviation

0.327

0.140

0.076

Bias

-0.004

-0.002

-0.001

Finally, the results obtained by comparing the proposed
approach and PSF fitting are reported in Figure 5. These results
indicate that at 1200 iterations the proposed flux estimates
seem unbiased, and that the proposed approach allows to
reduce the estimator variance compared to fitting with a
constant or second order background. Indeed the proposed
approach allows more complex models for the background.
These statements are quantitatively supported by the results
reported in Table II, which shows the performance of the various approachs in term of bias, root mean square error (RMSE)
and mean absolute deviation (MAD). The proposed approach
perform better in estimating point source residuals than the
usual PSF fitting approach with a constant background, and
even better than fitting with a second order background by a
factor of almost two in terms of RMSE or MAD.
IV. D ISCUSSION AND PERSPECTIVES
Both comparison with inpainting, in the presence or in the
absence of point source location uncertainties, and comparison
with the usual PSF fitting indicate that the proposed approach
lead to lower residuals in the final CMB map. In the
second experiment, reduction by almost a factor of two in
estimator error was observed compared to PSF fitting with a
second order background (and more than a factor of 4 when
fitting with a constant background), with a lower bias. These
results are therefore very encouraging for further investigation.
To further validate our approach, we need to reconstruct
the CMB maps in more realistic scenarios, assuming also
for instance uncertainties in the morphology of the sources
in the catalogue. In that case, the point source shapes may
need to be fitted in the data before any estimation, and
we are currently developping a multi-channel approach for
refined estimates of the point source shapes and locations in
the CMB datasets. Also, inpainting of bright point sources
that cannot be accurately fitted may be required, and the
proposed algorithm can be adapted so that inpainting in some
regions and estimating residuals in other regions are performed
simulteanously.

This approach should be extended to point source removal
prior to source separation, in the original frequency maps. The
various diffuse emissions displaying also a a polynomial decay
of their harmonic coefficients with increasing multipole, it
seems that the same algorithm could also lead to encouraging
results in that case. This extension is currently under study
and validation.
Finally reducing computation time is still an issue in the
proposed approach, since processing maps at high HEALPix
resolution parameter such as Ns = 2048 using iterative
approaches is computer-time demanding. We are currently
working on a C++ parallelized version of the code to improve
computation time.
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Gòrski et al 2005, ApJ 622, 759-771
Chen et al 1998, SIAM J.Sci. Comput. 20, pp 33-61
Starck et al 2004, Adv. Imag. Electron. Physics 132, pp 287-348
Starck et al 2005, IEEE Trans. Imag. Proc. 14, pp 1570-1582
Donoho et Huo 2001, Adv. Imag. Electron. Physics 132, pp 287-348
Donoho et Elad 2003, P.N.A.S. 100, pp 2197-2202
Chambolle et Pock 2003, J. Math. Imag. Vis. 40, pp 120-145

Fig. 1. Simulated full-sky CMB
map with residual point sources, in
mK CMB.

Fig. 2. Patch on the sky close to the galactic plane. A: simulated clean CMB, B: CMB with noise and point sources residuals, C: location and shape of
the simulated point source residuals. Units are in mK CMB.

Fig. 3. Results on the same patch as in Figure 2. A: inpainted CMB map, B: proposed CMB map with subtracted source residuals, C: inpainting residuals
compared to input CMB map, D: proposed approach residuals. Units are in mK CMB. Some regions are outlined in red in panels A and B.

Fig. 4. Results on the same patch as in Figure 2. On the left, difference in between estimating with and without uncertainty, and on the left residuals due
to inpainting. Units are in mK CMB. The location uncertainties only lead here to the residuals that are small compared to residuals due to inpainting.

Fig. 5. Results obtained on the third simulation. Evolution of point source flux estimates with the number of iterations (left) and recovered flux compared
to fitting with a constant or second order background (right). Units are in mK CMB for normalized (unit integrated) beams.

