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Abstract—Weak gravitational lensing is an ideal probe of the
dark universe. In recent years, several linear methods have been
developed to reconstruct the density distribution in the Universe
in three dimensions, making use of photometric redshift information to determine the radial distribution of lensed sources. We aim
to address three key problems seen in these methods; namely, the
bias in the redshifts of detected objects, the line-of-sight smearing
seen in reconstructions, and the damping of the amplitude of
the reconstruction relative to the underlying density. We also
aim to detect structures at higher redshifts than have previously
been achieved, and to improve the line-of-sight resolution of our
reconstructions. We consider the problem under the framework
of compressed sensing (CS). Under the assumption that the data
are sparse or compressible in an appropriate dictionary, we
construct a robust estimator and employ state-of-the-art convex
optimisation methods to reconstruct the density contrast. We
demonstrate that our method is able to accurately reproduce
cluster haloes up to a redshift of zcl = 1.0, deeper than stateof-the-art linear methods. We directly compare our method with
these linear methods, and demonstrate minimal radial smearing
and redshift bias in our reconstructions, as well as a reduced
damping of the reconstruction amplitude as compared to the
linear methods. In addition, the CS framework allows us to
consider an underdetermined inverse problem, thereby allowing
us to reconstruct the density contrast at finer resolution than the
input data.

I. I NTRODUCTION
Weak gravitational lensing has become a powerful
tool for studying the dark universe, allowing us to place
constraints on key cosmological parameters, and offering
the possibility to place independent constraints on the dark
energy equation of state parameter, w (Levy and Brustein,
2009; Hoekstra and Jain, 2008; Munshi et al., 2008;
Albrecht et al., 2006; Peacock et al., 2006; Schneider,
2006; Van Waerbeke and Mellier, 2003).
Until recently, weak lensing studies considered the shear
signal, and recovered the mass distribution, in two-dimensional
projection (see Schneider, 2006, for a review of weak lensing).
However, with improved data quality and wide-band photometry, it is now possible to recover the mass distribution in three
dimensions by using photometric redshift information to deproject the lensing signal along the line of sight (Simon et al.,
2009; Massey et al., 2007a,b; Taylor et al., 2004).
Under the assumption of Gaussian noise, various linear
methods have been developed to recover the 3D matter

distribution, which rely on the construction of a pseudoinverse operator to act on the data, and which include a
penalty function encoding the prior that is to be placed
on the signal (VanderPlas et al., 2011; Simon et al., 2009;
Castro et al., 2005; Taylor et al., 2004; Bacon and Taylor,
2003; Hu and Keeton, 2002).
These methods produce promising results; however, they
show a number of problematic artefacts. Notably, structures
detected using these methods are strongly smeared along the
line of sight, the detected amplitude of the density contrast
is damped (in some cases, very strongly), and the detected
objects are shifted along the line of sight relative to their true
positions. These effects result from the choice of method used;
Simon et al. (2009) note that their choice of filter naturally
gives rise to a biased solution, and VanderPlas et al. (2011)
suggest that linear methods might be fundamentally limited in
the resolution attainable along the line of sight as a result of
the smearing effect seen in these methods.
Furthermore, these methods are restricted to deal solely
with the overdetermined inverse problem. In other words, the
resolution obtainable on the reconstruction of the density is
limited to be, at best, equal to that of the input data. Thus,
the resolution of the reconstruction is entirely limited by the
quality of the data and its associated noise levels, with no
scope for improvement by judicious choice of inversion or
denoising method.
In this paper, we consider the 3D lensing problem as an
instance of compressed sensing, where the sensing operator
models the line-of-sight integration of the matter density giving rise to the lensing signal. For simplicity in implementation,
and as a proof of concept of our method, we first reduce the
3D weak lensing problem to a one-dimensional inversion, with
each line of sight in an image treated as independent.
Despite the loss of information this implies, we show that
using such an approach produces reconstructions with minimal
bias and smearing in redshift space, and with reconstruction
amplitudes ∼ 75% of the true amplitude (or better, in some
cases). This is a significant improvement over current linear methods. In addition, our method exhibits an apparent
increased sensitivity to high-redshift structures, as compared
with linear methods. Our reconstructions do exhibit some
noise, with false detections appearing along a number of lines

of sight. However, these tend to be localised to individual
pixels, rather than forming coherent structures, and clearly
arise from overfitting of the data.
We further present a full 3D treatment of the reconstruction
problem, adopting a simple greedy algorithm to solve the
inverse problem, and demonstrate much improved results, with
a significant reduction in the number of false detections seen
in the reconstruction.
Throughout the text, we assume a ΛCDM cosmology, with
ΩΛ = 0.736, ΩM = 0.264, h = 0.71, σ8 = 0.801, consistent
with the WMAP-7 results (Larson et al., 2011).
II. 3D W EAK

LENSING

where κ is the projected dimensionless surface density, and
γ = γ1 + iγ2 is the complex shear. The shear is related to the
convergence via a convolution in two dimensions:
Z
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θ = θ1 +iθ2 , and an asterisk ∗ represents complex conjugation.
The convergence, in turn, can be related to the 3D density
contrast δ(r) ≡ ρ(r)/ρ − 1 by
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where H0 is the hubble parameter, ΩM is the matter density
parameter, c is the speed of light, a(w) is the scale parameter
evaluated at comoving distance w, and
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gives the comoving angular diameter distance as a function of
the comoving distance and the curvature, K, of the Universe.
If the shear (or convergence) data is divided into Nsp
redshift bins, and the density contrast reconstruction is divided
into Nlp redshift bins (where Nsp is not necessarily equal to
Nlp ), we can write the convergence κ(i) on each source plane
as
Nlp
X
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(6)
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Thus, for each line of sight, equation (6) describes a matrix
multiplication, encoding a convolution along the line of sight.
It is the inversion of this transformation:
κ(z) = Qδ(z) ,

(9)

that is the focus of this paper.
A. Linear inversion methods

The distortion of galaxy images caused by the weak lensing
effect is described, on a given source plane, by the Jacobian
matrix of the coordinate mapping between source and image
planes:


1 − κ − γ1
−γ2
,
(1)
A=
−γ2
1 − κ + γ1

where

and

(7)

We focus here on the method presented in Simon et al.
(2009). For a review of other linear methods, the reader is
referred to Hu and Keeton (2002), and for an alternative linear
inversion method, see VanderPlas et al. (2011).
The 3D lensing problem is effectively one of observing the
density contrast convolved with the linear operator R, and
contaminated by noise, which is assumed to be Gaussian.
Formally, we can write the 3D lensing problem as
d = Rs + ε,

ε ∼ N (0, σ 2 ) ,

(10)

where d is the observation, s the real density and ε the
Gaussian noise.
The general idea behind linear inversion methods is to find
a linear operator H that acts on the data vector to yield a
solution that minimises some functional, such as the variance
of the residual between the estimated signal and the true signal,
subject to some regularisation or prior-based constraints.
Simon et al. (2009) opt to use a Saskatoon filter (Tegmark,
1997; Tegmark et al., 1997), which combines a Wiener filter
and an inverse variance filter, with a tuning parameter α
introduced that allows switching between the two. This gives
rise to a minimum variance filter, expressed as
ŝMV = [α1 + SR† Σ−1 R]−1 SR† Σ−1 d ,

(11)

where S ≡ ss† encodes prior information about the signal
covariance, Σ ≡ nn† gives the covariance matrix of the
noise, and 1 is the identity matrix.
This switching is designed to allow a balance between the
increased constraining power offered by the Wiener filter over
the inverse variance filter – which yields an improved signalto-noise in the reconstruction – and the biasing that the Wiener
filter imposes on the solution.
As discussed extensively in Simon et al. (2009) and
VanderPlas et al. (2011), linear methods give rise to a significant bias in the location of detected peaks, damping of
the peak signal, and a substantial smearing of the density
along the line of sight. The compressed sensing (CS) theory,
described below, allows us to address the lensing inversion
problem under a new perspective, and we will show that these
three aspects are significantly improved using a non-linear CS
approach.

III. C OMPRESSED

SENSING APPROACH

A. Compressed sensing theory
We consider some data Yi ( i ∈ [1, .., m]) acquired through
the linear system
Y = ΘX ,
(12)
where Θ is an m × n matrix. Compressed sensing (Candès and Tao, 2006; Donoho, 2006) is a sampling/compression theory based on the sparsity of the observed
signal, which shows that, under certain conditions, one can
exactly recover a k-sparse signal (a signal for which only k
pixels have values different from zero, out of n total pixels,
where k < n) from m < n measurements.
This recovery is possible from undersampled data only if
the sensing matrix Θ verifies the restricted isometry property
(RIP) (see Candès and Tao, 2006, for more details). This
property has the effect that each measurement Yi contains
some information about the entire pixels of X; in other
words, the sensing operator Θ acts to spread the information
contained in X across many measurements Yi .
Under these two constraints – sparsity and a transformation
meeting the RIP criterion – a signal can be recovered exactly
even if the number of measurements m is much smaller
than the number of unknown n. This means that, using
CS methods, we will be able to outperform the well-known
Shannon sampling criterion by far.
The solution X of (12) is obtained by minimizing
min kXk1
X

s.t. Y = ΘX ,

(13)

P
where the ℓ1 norm is defined by kXk1 = i | Xi |. The ℓ1
norm is well-known to be a sparsity-promoting function; i.e.
minimisation of the ℓ1 norm yields the most sparse solution
to the inverse problem. Many optimisation methods have been
proposed in recent years to minimise this equation. More
details about CS and ℓ1 minimisation algorithms can be found
in Starck et al. (2010).
In real life, signals are generally not “strictly” sparse, but
are compressible; i.e. we can represent the signal in a basis or
frame (Fourier, Wavelets, Curvelets, etc.) in which the curve
obtained by plotting the obtained coefficients, sorted by their
decreasing absolute values, exhibits a polynomial decay. Note
that most natural signals and images are compressible in an
appropriate basis.
We can therefore reformulate the CS equation above (Equation (13)) to include the data transformation matrix Φ:
min kαk1
α

s.t. Y = ΘΦα ,

(14)

where X = Φ∗ α, and α are the coefficients of the transformed
solution X in Φ, which is generally referred to as the
dictionary. Each column represents a vector (also called an
atom), which ideally should be chosen to match the features
contained in X. If Φ admits a fast implicit transform (e.g.
Fourier transform, Wavelet transform), fast algorithms exist to
minimise Equation (14).

One problem we face when considering CS in a given
application is that very few matrices meet the RIP criterion.
However, it has been shown that accurate recovery can be
obtained as longDthe mutual
E coherence between Θ and Φ,
µΘ,Φ = maxi,k | Θi , Φk , |, is low (Candes and Plan, 2010).
The mutual coherence measures the degree of similarity between the sparsifying basis and the sensing operator. Hence,
in its relaxed definition, we consider a linear inverse problem
Y = ΘΦX as being an instance of CS when
1) the problem is underdetermined,
2) the signal is compressible in a given dictionary Φ,
3) the mutual coherence µΘ,Φ is low. This will happen
every time the matrix A = ΘΦ has the effect of
spreading out the coefficients αj of the sparse signal
on all measurements Yi .
Most CS applications described in the literature are based
on such a soft CS definition. Compressed sensing was introduced for the first time in astronomy for data compression
(Bobin et al., 2008; Barbey et al., 2011), and a direct link
between CS and radio-interferometric image reconstruction
was recently established in Wiaux et al. (2009), leading to dramatic improvement thanks to the sparse ℓ1 recovery (Li et al.,
2011).
The 3D weak lensing reconstruction problem can be seen
to completely meet the soft-CS criteria above. The problem is
underdetermined, as we seek a higher resolution than can be
attained in the noise-limited observations, the matter density in
the Universe is sparsely distributed, and the lensing operator
spreads out the underlying density in a compressed sensing
way.
Sparsity prior: Sparse priors have been shown to be
very useful in regularising ill-posed inverse problems (see
Fadili and Starck, 2009, and references therein). In addition,
a sparse prior using a wavelet basis has been used in many
areas of signal processing in astronomy, such as denoising, deconvolution, and inpainting to recover missing data in images
(Starck et al., 2010) . The idea underlying these priors is that
there exists a dictionary in which a given dataset is sparsely
represented. The dictionary used should therefore match the
shapes of the structures that we aim to detect as closely as
possible.
Many experiments, such as N-body simulations, have shown
that the matter density in the universe is mainly distributed
in localised clusters, which are connected by thin filaments.
Because structures in the Universe appear to be physically
sparse, we may therefore assume that the matter density
is sparse in a domain adapted for cluster- and curve-like
structures. These domains exist and can be constructed by
gathering several well-chosen transforms inside a dictionary.
For the reconstruction of clusters of galaxies, we are in
a perfect situation for sparse recovery because clusters are
localised in the angular domain, and are not resolved along
the line of sight owing to the bin size. They can therefore be
modelled as Dirac δ−functions along the line of sight, while
an isotropic wavelet basis can be used in the angular domain.

B. Problem statement
Under the CS framework, the reconstruction of the matter
density amounts to finding the most sparse solution that is
consistent with the data. There are many different ways to
formulate such an optimisation problem, and we opt for the
following:
min kΦ∗ sk1 s.t.

s∈Rn

1
2

2

kd − RskΣ−1 ≤ ǫ s ∈ C ,

(15)

where the term to minimise is a sparsity-penalty function over
the dictionary coefficients. The second term in Equation (15)
above is a data fidelity constraint, with Σ being the covariance
matrix of the noise and ǫ the allowed distance between the
estimation and the observation, while the final term forces
the solution to have values inside a given interval, usually
C = [−1, +∞[n for matter overdensity.
Note that this latter constraint, encoding a hard minimum
on the signal to be recovered, is not possible with linear
methods, and is therefore an additional strength of our method.
Enforcing these physical constraints on our solution helps to
ensure the recovery of the most physically compelling solution
given the data.
In order to solve (15), we use the primal-dual splitting
method of Chambolle and Pock (2011), which is described in
full in Leonard et al. (2012a).
IV. S IMULATIONS

AND

B. Noise modelling and control
We assumed that the redshifts of the sources are known
exactly, so there is no correlation between the noise in each
source bin. Therefore, the covariance matrix of the noise along
the line of sight is diagonal, with
Σii = σg2 (zi ) =

σγ2
,
ng (zi )Apix

(17)

where Apix is the pixel area, ng (zi ) is the number density
of sources in the bin at redshift zi , and σγ is the intrinsic
dispersion in galaxy ellipticity, taken throughout to be 0.2.
V. 1D

N OISE M ODELLING

IMPLEMENTATION OF THE

CS

APPROACH

A. Reconstructions in 1D

A. Cluster simulations
In order to test our method, we needed to simulate a realistic
data set. To this end, we consider here a fiducial survey with
a background galaxy number density ng = 100 arcmin−2
distributed in redshift according to
p(z) ∝ z 2 e−(1.4z/z0 )

We took the intrinsic dispersion in shear measurements to
be σγ = 0.2, and considered a field of 1◦ × 1◦ divided into a
grid of 60×60 pixels. These parameters were chosen to mimic
the data quality expected from next-generation surveys such as
Euclid (Refregier et al., 2010) and LSST (Ivezic et al., 2008;
LSST Science Collaboration et al., 2009).
In each simulated image, clusters were generated following
an NFW density profile with M200 = 1015 M⊙ , c = 3 binned
into Nsp redshift bins. The effective convergence and shear
were computed by integrating the lensing signal within each
source redshift bin, and Gaussian noise was added, scaled
appropriately by the number density of galaxies within that
bin.

1.5

,

(16)

with z0 = 1.0 (Taylor et al., 2007; Kitching et al., 2011), and
the distribution truncated at a maximum redshift of zmax = 2.
Figure 1 shows this probability distribution, normalised arbitrarily.

As noted in § II, the 3D weak lensing problem can be
reduced to a one-dimensional problem, by taking as our data
vector the (noisy) lensing convergence along each line of sight,
which is related to the density contrast through Equation (9).
Therefore, we took d = κij (z) and R = Q, and considered
each line of sight in our images independently. Furthermore,
we took Φ to be a δ-function dictionary, owing to the fact
that clusters are poorly resolved along the line of sight at the
resolution of our reconstructions.
Clearly, a one-dimensional implementation throws away
information, because we do not account at all for the correlation between neighbouring lines of sight that will arise
in the presence of a large structure in the image; however,
reducing the problem to a single dimension is fast and easy to
implement, and allows us to test the efficacy of the algorithm
using a particularly simple basis function through which we
impose sparsity.
However, the algorithm used is entirely general; therefore,
with appropriate choice of a 3D basis set and taking d =
γ(θ, z) and R = Pγκ Q, one can implement this algorithm as
a fully 3D treatment of the data with no modification to the
algorithm itself.
B. Comparison with linear methods

Fig. 1. Redshift probability distribution p(z) of the sources as a function of
source redshift z for the simulations described in the text.

Firstly, to demonstrate the effectiveness of our method,
we compared our method directly with the radial Wiener
filter method of Simon et al. (2009), which is shown in
Leonard et al. (2012a) to be the most effective linear method.

an excellent correlation between the input density contrast
and our reconstruction is seen. One line of sight exhibits
a prominent high-redshift false detection; but this does not
appear in the remaining three lines of sight, and the overall
amplitude of the reconstruction is around 75% of the true
value. The 3D rendering demonstrates that the noise in our
reconstruction shows very little coherent structure (i.e. tends
to be restricted to isolated pixels), and is largely low-level.
Moreover, the cluster is incredibly well-localised in redshift
space, with the smearing seen in the figure primarily arising
from the applied smoothing.
C. Improving the line-of-sight resolution

Fig. 2.
Comparison of our method with the radial Wiener filter. The
left column shows the 2D projection of the reconstruction, while the right
column shows the 1D reconstructions along the four central lines of sight
(dashed lines). Note that, owing to the amplitude damping effect in the Wiener
reconstruction, the y-axis scaling is different in each of the line-of-sight plots.

Because linear methods are only defined for Nlp ≤ Nsp , we
considered the case of Nlp = Nsp = 20, and generated a single
cluster halo at a redshift of zcl = 0.25 following an NFW halo
profile with M200 = 1015 M⊙ and c = 3. We chose the Wiener
filter tuning parameter to be α = 0.05. For further details of
the algorithm parameters set in this comparison, the reader is
referred to Leonard et al. (2012a)
Note that while linear methods take d = γ(θ, z), R =
Pγκ Q, our method takes d = κ(θ, z), R = Q as before.
The noise levels in each case are identical.
The results are presented in figures 2 and 3. Figure 2
presents the 2D projections of the reconstructions, computed
by integrating the reconstruction along each line of sight, and
the 1D reconstructions along the four central lines of sight.
In the 3D renderings of Figure 3, the reconstructions are
thresholded at δ = 3 (i.e. the plot only shows δrec ≥ 3),
and each is smoothed with a Gaussian of width σ = 0.7 pix
in all three directions.
The radial and Wiener filter method shows very little noise
in the 2D projections, and little smearing of the reconstruction
along the line of sight. However, this method fails to correctly
recover correctly the redshift of the cluster. Futhermore, the
amplitude of the cluster reconstruction is a factor of ∼ 2.5
smaller than the input density.
Our results are seen to suffer from several prominent, pixelscale false detections along noisy lines of sight not associated
with the cluster. However, along the four central lines of sight

Given the success of our method at reconstructing lines of
sight at the same resolution as the input data, it is interesting
to consider whether we are able to improve on the output
resolution of our reconstructions. It is also worthwhile to test
our ability to detect clusters at higher redshifts than those
considered above, given that compressed sensing is specifically
designed to tackle underdetermined inverse problems. Indeed,
noise-free simulations suggest that a resolution improvement
of up to a factor of 4 in the redshift direction may be possible
with this method.
Therefore, we generated clusters as before, with our data
binned into Nsp = 20 redshift bins, but aimed to reconstruct onto Nlp = 25 redshift bins. We furthermore consider
clusters at redshifts of zcl = 0.2, 0.6, and 1.0. Given the
changed reconstruction parameters, we modified our noise
control parameters slightly and, for all results that follow, used
λ = 7.5, ǫ = 2.8.
Figure 4 shows the two-dimensional projection of the reconstruction and the 1D reconstruction of the four central lines
of sight as before. Figure 5 shows the reconstructions of these
haloes using our method as a 3D rendering. The 3D rendering
is, as before, thresholded at δrec = 3 and smoothed with a
Gaussian of width σ = 0.7 pix.
Several features are immediately apparent. Firstly, all three
clusters are clearly identified by our method. This is particularly impressive for the zcl = 1.0 cluster, because linear methods have, thus far, been unable to reconstruct clusters at such
a high redshift (see, e.g. Simon et al., 2009; VanderPlas et al.,
2011). We note that this detection is dependent on the redshift
distributions of sources, however, and the lack of detection in
Simon et al. (2009) and VanderPlas et al. (2011) may be due,
in part, to their choice of probability distribution. However,
we also note that the background source density in our
sample is highly diminished behind the zcl = 1.0 cluster
(32.5 arcmin−2).
Again, the 3D renderings indicate that there is very little
smearing of the reconstruction along the line of sight, in
contrast with linear methods. This is also shown by the
line-of-sight plots, in which the unsmoothed reconstructions
show very localised structure. Furthermore, the reconstructions
exhibit minimal redshift bias, and some lines of sight are seen
to recover the amplitude of the density contrast without any
notable damping.

Fig. 3. 3D rendering of the reconstruction of a zcl = 0.25 cluster using our method (top), and the radial Wiener filter method (bottom α = 0.05) as
described in the text.

However, again we see several prominent “hot pixels” or
false detections along noisy lines of sight. These detections
are more evident as the cluster moves to high redshift, and
may be significantly larger than the expected density contrast
of the cluster. This is expected, because the number density
of sources behind the lens diminishes.
We note that these false detections often manifest themselves at high redshift, arising out of the overfitting of the
data at high redshift. We also note that the false detections are
very well localised in both angular and redshift space, and do
not form coherent large structures, which makes them easily
identifiable as false detections; they tend to be localised to
isolated pixels.
VI. 3D IMPLEMENTATION OF

THE

CS APPROACH

Considering each line of sight as independent throws away
a large amount of information about the correlation between
neighbouring lines of sight in the vicinity of matter concentrations. Moreover, such an algorithm imposes the sparsity
constraint only locally – along each line of sight – rather
than globally over the entire 3D data cube. Thus, a weaker
constraint is imposed on the data, and the method is not
optimal for finding the sparsest solution consistent with the
data.
In order to treat the problem effectively in three dimensions,
we still consider solving equation 9, however we must now

impose our sparsity constraint on the full three-dimensional
field.This is done by finding an appropriate three dimensional
basis in which our data can be sparsely represented. As we
are primarily seeking clusters of galaxies, the Dirac dictionary
is still valid along the line of sight, while in the angular
domain clusters are extended, largely isotropic structures
for which a the starlet wavelet basis (Starck et al., 1998;
Starck and Murtagh, 2006) is an appropriate choice.
While the 1D algorithm described above and in
Leonard et al. (2012a) is entirely general, and can be applied
to this 3D problem, we choose to approach the problem
with a simpler algorithm based on a greedy method proposed
by Nam et al. (2011). This method involves iterative hardthresholding of the estimate of the solution, with the threshold
chosen such that a certain fraction of the coefficients – chosen
to be the smallest coefficients in the sparsifying dictionary –
are discarded at each iteration.
We test this method on the zcl = 0.2 cluster simulation
used previously, and the 3D rendering of the result is shown
in Figure 6. For this reconstruction, we retain only 95% of the
coefficients at each iteration. The cluster is again well localised
in the redshift direction, with no smearing or bias seen along
the line of sight, and the reconstruction exhibits very little
damping of the cluster amplitude. More importantly, with this
3D treatment many of the pixel-scale false detections do not
appear when a global sparsity constraint is applied.

Fig. 5. Reconstructions of single clusters located at a redshift of zcl = 0.2 (top), zcl = 0.6 (middle) and zcl = 1.0 (bottom). The reconstructions are
thresholded at δ = 3 and smoothed with a Gaussian of width σ = 0.7 pix.

Fig. 6. 3D rendering of the reconstruction of a cluster at zcl = 0.2 using a
3D wavelet+Dirac basis and a greedy algorithm to solve the full 3D inversion.

VII. S UMMARY

Fig. 4. Reconstructions of single clusters located at a redshift of zcl =
0.2 (top row), zcl = 0.6 (middle row) and zcl = 1.0 (bottom row). As
before, the left column shows the two-dimensional integrated projection of the
reconstruction, while the right panel shows the input density contrast along
the line of sight (solid line) and the 1D reconstruction along each of the four
central lines of sight (dashed lines).

This result is impressive, and demonstrates the power of the
compressive sensing approach. One drawback of this particular
choice of solver is that the choice of the fraction of coefficients
to discard at each iteration is set rather arbitrarily. While
the appropriate value for this threshold may be approximated
considering simulations, it would be preferable to be able
to select the important coefficients by means of a more
physically-motivated criterion, and one which is more closely
linked to the data.
Such a threshold, based on computing the noise level over
the data cube at each wavelet scale and thresholding at an
appropriate level for denoising (such as at 3 − 5σ), is the
subject of ongoing work (Leonard et al., 2012b).

AND CONCLUSIONS

Current approaches to 3D weak lensing involve linear
inversion, where a pseudo-inverse operator is constructed that
incorporates prior constraints on the statistical distribution
of the measurement noise and the underlying density. These
methods are straightforward to construct and implement, make
use of common tools, and are usually fairly fast. This makes
them a convenient choice when approaching the 3D weak
lensing problem.
However, reconstructions obtained in this way suffer from
line-of-sight smearing, bias in the detected redshift of structures, and a damping of the reconstruction amplitude relative
to the input. It has furthermore been noted (VanderPlas et al.,
2011) that the reconstructions obtained using these techniques
may be fundamentally limited regarding the resolution attainable along the line of sight, because of smearing effects
resulting from these linear methods. In addition, these methods
are unable to treat an underdetermined inversion, and therefore
are limited in their output resolution by the resolution of the
input data which, in turn, is limited by the measurement noise.
We have presented a new approach to 3D weak lensing
reconstructions by considering the weak lensing problem to
be an instance of compressed sensing, where the underlying
structure we aim to reconstruct is sparsely represented in an
appropriate dictionary. Under such a framework, we were able
to consider underdetermined transformations, thereby relaxing
the constraints on the resolution of the reconstruction obtained
using our method.
In a first implementation, we have reduced the problem
to that of one-dimensional reconstructions along the line of
sight. Whilst this is clearly not optimal because it throws
away a lot of information, it allowed us to simplify the
problem and to employ a particularly simple basis through
which we imposed sparsity. We demonstrated that our method
closely reproduces the position, radial extent and amplitude of
simulated structures, with very little bias or smearing. This is
a significant improvement over current linear methods.
Furthermore, we demonstrated an ability to reconstruct

clusters at higher redshifts than has been attainable using
linear methods. Although our reconstructions exhibit false
detections resulting from the noise, these noisy peaks do not
form coherent structures, and are therefore well-localised and
easily identifiable as noise peaks.
We have also presented a first implementation of a fully
three-dimensional treatment of this problem, and demonstrated
that – even while using a very simple algorithm – this treatment dramatically improves the quality of the reconstructions.
The quality of data available for weak lensing measurements
continues to improve, and the methods by which we measure
the weak lensing shear are becoming ever more sophisticated.
So, too, must the methods we use to analyse the data to reconstruct the underlying density. While linear methods appear
to be limited in resolution, and offer biased estimators, it is
clear that a nonlinear approach such as ours does not, and –
in a fully 3D implementation – may therefore allow us to map
the cosmic web in far greater detail than has previously been
achieved.
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