A global strategy for spectral inversion
from a model library
A. Bijaoui, A. Recio-Blanco, P. de Laverny, C. Ordenovic
University of Nice Sophia Antipolis
Lagrange laboratory UMR CNRS 7293
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Abstract
In the framework of the Gaia mission, we developed diﬀerent methods for the spectral inversion,
i.e. the determination of the atmospheric parameters from the observed stellar spectra. These
methods were based on statistical ﬁttings taking into account a model library. In this communication, a global strategy allowing the eﬃcient determination of the parameters is proposed.
This strategy is based on the following phases, i/ the reduction of the spectra dimension with
selected principal components, ii/ the identiﬁcation of the closest spectrum in the model library
using a balanced oblique decision tree, iii/ the reﬁnement of the parameter estimations using
an adapted Gauss-Newton algorithm, iv/ the application of a Bayesian correction, based on
the Nadaraya-Watson formula allowing the reduction of the biases. Tests on simulated Gaia
RVS spectra are discussed.
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Introduction.

The ESA Gaia mission is forecast for launch in 2013. Its instruments will determine with very
high accuracy the position and proper motion of a billion stars in the Milky Way Galaxy.
The Radial Velocity Spectrograph (RVS) [16], a spectrograph primarily dedicated to obtaining
stellar radial velocities, is one of three Gaia instruments. The millions of spectra that will be
collected with Gaia RVS will also be analyzed to derive their stellar atmospheric parameters,
in particular the eﬀective temperature, surface gravity, mean metal content and some chemical
abundances.
The goal of this work is to determine the model S ≡ S(l, Θ) which best ﬁts the observational
vector O ≡ {O(l)} (l ∈ (1, L)). This operation is sometimes called the spectral inversion [14].
Θ is the parameter vector, with components θi , i ∈ (1, I). Since the spectral model computation
requires a large amount of CPU time and memory, it is better to prepare in advance a grid
of models covering a selected range of parameters. For our application, the grid is composed
by a set of synthetic spectra computed using MARCS stellar atmospheric models (Gustafsson
et al. 2008 [8]) that were sampled in three parameters: the eﬀective temperature Tef f , the
logarithmic surface gravity log g and the mean metallicity [M/H]). The spectra were generated
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using the same wavelength sampling and the same line spread function as those that will be
provided by Gaia RVS [5].
Due to the large number of observed spectra, this analysis must be carried out using fast and
robust automated algorithms. In a previous paper [2] we analyzed how eﬃciently a selection of
ﬁtting algorithms derive the stellar parameters for a sample of spectra. In particular, diﬀerent
performance indices associated with our scientiﬁc goal were examined.
The application of the Gauss-Newton algorithm (GNA) [4] carried out the best results.
But, due to the non convexity of the likelihood, this algorithm might converge to a secondary
maximum. That was avoided thanks to a previous localization of the maximum using a balanced
oblique decision tree (BODT).
In this communication, we describe a global strategy for the spectral inversion based on
the joint use of the principal component analysis (PCA), the BODT, the GNA and a Bayesian
posterior analysis of the estimates.
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The PCA application.

The PCA is a largely applied tool for the analysis of astrophysical data set (see for example
[11]). In the present framework its application is done from the following steps:
1. Compute the mean model spectrum;
2. Subtract it to the whole spectra and compute the variance-covariance matrix V of the
pixels;
3. Determine the V eigenvectors and the eigenvalues.
4. Compute the eigen components as linear combinations of the model spectra with the
eigenvectors.
The number of pixels being 971, it is not necessary to compute the 971 eigenvectors. A
large fraction of them carries out any information. This fraction depends on the signal to noise
ratio (SNR). The trace of the residual covariance matrix gives an information on the residual
errors. It exists a simple algorithm to compute the eigenvectors by decreasing eigenvalues for a
symmetrical matrix [1]. It has been applied in order to reach a trace fainter than the threshold
determined by the target SNR. For SNR=100 only 33 components were selected.
Compared to the number of pixels, a compression factor of almost 30 was obtained. That
compression ﬁrst allows the consideration of larger model grids. In the present work, the grid
was composed of 1638 spectra with 3 sampled parameters. With the same data size, it is possible
to introduce one or two new parameters such as the rotational velocity, or the enhancement
of the alpha elements. Secondly, the compression factor allows the acceleration of the ﬁtting
algorithm. Nevertheless, the experimental gain was about 6, less than the compression factor.
The quality of the estimation was similar to the one obtained directly from the grid. However
since the bias slightly increased, a procedure for the bias removal will be further examined. For
example, at SNR= 100 the mean eﬀective temperature bias bT is 13.39K without PCA, and
16.97K with it. The mean global quadratic error σT was 60.18K without PCA and 65.00K with
it.
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The minimum distance determination using a BODT.

Taking into account the sampling of the model grid, the optimization can be considered, in the
ﬁrst instance, as the identiﬁcation of the nearest neighbor. Bentley et al. [3] showed that a good
approximation can be achieved using a kd-tree with a fast algorithm. The kd-tree is a basic
space-partitioning structure in a k-dimensional space. At each node, the parameter space is
divided into two subspaces by a hyperplane. For a balanced kd-tree, the median of the spectral
ﬂux values corresponding to a selected spectral element is computed from the model spectra in
the node subset at each node. This subset is then shared by the hyperplane corresponding to the
median. If N is the number of model spectra, the tree has log(N ) levels. The search is carried
out by a scan through the tree, comparing the test spectrum ﬂux at each spectral element to
the corresponding medians. By construction, this procedure requires log(N ) comparisons for
each test spectrum. kd-trees have been applied previously in astrophysical data analysis [12].

Figure 1: Flow-chart of the BODT building for the two ﬁrst levels.
Since the spectral length is equal to 971, it is obvious that a simple kd-tree can not make
use of all the information in the models. Instead of selecting a spectral element at each node,
we make an oblique decision using a projection vector for each node [15]. The determination of
the optimal projection vectors becomes the problem that needs to be solved. We obtained good
results using a diﬀerence vector (DV). As for a kd-tree the subsets are equally populated taking
3

into account the median of the projection coeﬃcient. Let us call m1 and m2 the means of the
spectra models within each of the two respective subsets. DV is deﬁned as the vector m2 − m1 .
Necessarily, the algorithm is iterative: we start from a DV and then we determine the two new
subsets. Next, we compute the mean of each new subset and the resulting DV. If the angle
between the new DV and the previous DV is too large, we iterate the process until convergence
is achieved. The means and the standard deviations of the parameters of the spectra within its
associated subset are attached to each tree node.
On Figure 1 the algorithm ﬂow-chart is given for the two ﬁrst levels. The color code is
the rainbow, the black corresponds to the lowest values, and the blue to the highest ones. At
top right, the model grid is displayed. At the ﬁrst level the node parameters are the means,
that are uniform for the models. The mean of the model grid is done; it is used for the ﬁrst
projection vector. By projection, we the get the coeﬃcients which allows the splitting in two
parts the models, taking into account of its median. On the projection vector the two subsets are
represented. There means are computed and subtracted in order to get a new projection vector.
The operation is repeated until the convergence is reached. A same operation is continued on
each subset, up to reach the leaves.

Figure 2: Flow-chart of the recognition algorithm from the BODT.
The noise in observed spectra lead to possible misclassiﬁcations. At each node, one has
to take into account that the projection coeﬃcient is distributed according to a Gaussian law.
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As the random variable is deﬁned on the whole real axis, in principle both branches would
be chosen, and the algorithm must then fully explore the decision tree. This would lead to a
non-eﬃcient method. Thus, we replaced the Gaussian distribution by an Epanechnikov kernel
[6], which corresponds to a truncated parabola. Due to the thresholding, generally only one
branch is chosen and so, at the end, only a few leaves will be selected. When all the levels of
the tree are scanned, a subset of models from the grid is selected and their distances to the
test spectrum are computed. The program selects the subset model which corresponds to the
minimum distance. The parameter accuracy is thus limited by the grid sampling. A correction
is required to improve the estimations up to their statistical limits.
On Figure 2 the scheme of the recognition algorithm is drawn. At the ﬁrst level (root) the
knowledge on the parameters is summarized by their means. Using the projection on the vector
attached to the root, we get a weight for choosing the second or the third nodes. According to
the weights, we compute one or two coeﬃcients by projection on the vectors attached to these
nodes. up to 4 weights can be obtained. Generally only one of them is diﬀerent for 0. If it is
not the case, the program has to progress on diﬀerent branches. At the leaf level it selects a
set of models. Their distance to the observation is obtained and the model corresponding to
the minimum is determined. Its parameters are the estimated ones.
The combination of the tree building algorithm and the recognition one was called DEGAS
(DEcision tree alGorithm for AStrophysics) [10].
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The Gauss-Newton correction.

The Gauss-Newton algorithm (GNA) [4] is based on a linearization around a given parameter
set Θ(0) associated with a model S0 . The corrections δΘ are obtained with the relation:
δΘ = (JT J)−1 JT (O − S0 ),

(1)

J being the Jacobian matrix [∂S(l, Θ(0) )/∂θi ]. Iterations need to be carried out through linearization around the new values. Generally, GNA converges but there is no guarantee that
the resulting values correspond to the global minimum distance.
Using the previous algorithm, the global minimum is localized in a parameter domain limited
by the sampling. Only a simple correction inside this domain has to be performed. The
parameters are determined iteratively using Gauss-Newton corrections to obtain a variation
less than 10% of the sampling step.
With this algorithm it was shown [2] that we get consistent and eﬃcient parameter estimation. Nevertheless, as it was previously noted, a faint bias appeared in the case of the application
of the PCA. This estimation is indeed performed from a model grid from which a small part of
the information was removed, which could introduce this bias. A speciﬁc procedure is therefore
required to reduce it.
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The bias correction through the Nadaraya-Watson formula.

The interpretation of the estimation from the simulations. Let us consider a grid of
spectra models {Sj (Θj }, j ∈ (1, J). Θj is the vector of the I atmospheric parameters. The
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parameter estimation can be performed by diﬀerent algorithms. In a Bayesian framework, the
knowledge of the posterior probability distribution function (PPDF) of the estimated parameters is needed to interpret them. Generally, this is not a Dirac distribution and a further
parameter analysis is required to determine it.
Experiments with added noise have been performed on a given theoretical spectrum j.
They lead to K values Θ̂jk , k ∈ (1, K). A statistical analysis can be performed on this set by
computing the means and the standard deviations. This analysis carries out an approximation
of the dispersion PDF (DPDF) q(Θ̂|Θj ).
This distribution is generally diﬀerent from the posterior one, but in a raw analysis it is
often considered that the DPDF is suﬃcient to give an indication on the estimation quality.
Evidently, we do not know the true parameter vector Θ of the observation, thus the estimation
quality is characterized from the DPDF q(Θ̂|Θ̂0 ), where Θ̂0 is the estimated value. It is
supposed to be close to Θ, but it is not identical. By consequence, their DPDFs are not yet
identical. This is particularly true in the case of a bias in the estimation.
The prior on the parameters P (Θ) is introduced in order to compute the PPDF from Bayes’
rule:
q(Θ̂0 |Θ)P(Θ)
p(Θ|Θ̂0 ) =
(2)
Q(Θ̂0 )
where Q(Θ̂0 ) is the posterior distribution of the estimates.
The DPDF estimation. The DPDF is estimated from simulations. For each j, we compute
noisy spectra and we get a set {Θ̂jk }. The DPDF for the prior parameters Θj is obtained from
a Parzen decomposition [13]:
∑

q(Θ̂|Θj ) =

W(Θ̂ − Θ̂jk , s)

(3)

k=1,K

The window W (Θ̂, s) can be Gaussian, s deﬁnes its size, which is set from the observed
dispersions of the estimates. With this expression, the DPDF is estimated only for sampled
parameters. The required interpolation can be done from a kernel function K(Θ, a), a being a
scale parameter deﬁned by the sampling. The Parzen window can be chosen as the interpolation
kernel. Thus the full dispersion PDF is written as:
q(Θ̂|Θ) =

∑

∑

K(Θ − Θj , a)W(Θ̂ − Θ̂jk , s)

(4)

j=1,J k=1,K

The PPDF estimation. We can derive the Θ̂ posterior PDF:
∫

Q(Θ̂) =

∑

K(Θ − Θj )q(Θ̂|Θj )dΘ

(5)

j=1,J

We can permute the integral and the sum:
Q(Θ̂) =

∑

∫

q(Θ̂|Θ̂j )

K(Θ − Θj )dΘ

(6)

j=1,J

The kernel integral is equal to unity, which leads to the simple relation:
Q(Θ̂) =

∑
j=1,J
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q(Θ̂|Θj )

(7)

Taking into account the previous relations it is then possible to derive the posterior PDF:
∑
j=1,J

p(Θ|Θ̂) =

K(Θ − Θj )q(Θ̂|Θj )

∑

j=1,J

q(Θ̂|Θ̂j )

(8)

The final estimation. The previous relation carries out the complete PPDF. Its mathematical expectation seemed us the most representative of the full distribution:
∫

Θ=
This leads to:

∫

Θ=

Θ

Θp(Θ|Θ̂)dΘ

∑
j=1,J

K(Θ − Θj )q(Θ̂|Θj )dΘ

∑

j=1,J

Or:

(10)

∫

∑

Θ=

q(Θ̂|Θ̂j )

(9)

j=1,J

q(Θ̂|Θj ) ΘK(Θ − Θj )dΘ
∑

j=1,J

q(Θ̂|Θ̂j )

(11)

If the kernel is chosen symmetrical, thus:
∫

ΘK(Θ)dΘ = 0

(12)

A simple relation is derived:
∑
j=1,J
Θ= ∑

Θj q(Θ̂|Θj )

j=1,J

q(Θ̂|Θj )

(13)

Taking into account the Parzen windows, the Nadaraya-Watson interpolation formula [9] is
obtained:
∑
∑
j=1,J Θj
k=1,K W (Θ̂ − Θ̂jk , s)
Θ= ∑
(14)
∑
j=1,J
k=1,K W (Θ̂ − Θ̂jk , s)
The experimental procedure. In a ﬁrst step, K simulations are done on J parameter sets.
From the previous mathematical developments, the repartition of the parameters has to be
uniform on the model grid. This condition allows the vanishing of the terms corresponding to
the interpolation kernel. But this condition can be statistically satisﬁed by simulations with
parameters uniformly distributed in the parameter space.
Thus, instead to perform K experiments for a parameter set for a given parameter set, we
perform these K experiments around a grid point with an uniform distribution around this
point, which leads to M = JK experiments. The relation [14] can thus be written as:
∑

Θ=

m=1,M

∑

Θm W (Θ̂ − Θ̂m , s)

m=1,M

W (Θ̂ − Θ̂m , s)

(15)

The parameter obtained with the Gauss-Newton algorithm, Θ̂, are corrected by a simple
application of the relation [15].
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Fast algorithm with a kd-tree. It can be noted that the correction needs to compute M
distances in the parameter space. Even if its dimension is smaller than the pixel one, the needed
CPU time is important compared to the GNA estimation.
The Epanechnikov kernel is applied instead to a Gaussian one. As it was indicated above,
this function corresponds to a truncated parabola. Thus the distance of some near parameter
sets are needed. The selection of the nearest point can be accelerate using a kd-tree. The
number of parameters (I) being small compared to the number of total experiments (M ), the
use of an oblique decision tree is not necessary.
Experiments. The method was applied on the model grid with diﬀerent signal to noise ratios
(SNR), with K = 100. For SNR= 100 the biases are reduced to values compatible to their
dispersions, taking into account the number of experiments. So, the mean bias bT was 11.85K,
with σT = 34.95K. The global errors were improved quite by a factor 2. For SNR= 10, bT was
reduced from 81.87K to 60.67K, while σT was also reduced from 311.34K to √151.96K. Even
if the true bias is null, the mean observed bias would be in the order of σT / K due to the
statistics. A residual bias exists, but the global precision was improved.
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The global procedure.

In the previous section we developed diﬀerent tools for the parameter estimation from a model
grid. There is no exclusion between them. The resulting ﬁtting procedure is the following.
Preliminaries.
• Compute for a set of sampled parameters the models corresponding to the problem.
• Compute the principal components (PC) of the pixel models up to get a residual trace
fainter than a level deﬁned by the maximum SNR.
• Compute the PC derivatives according to the parameters. They are needed for GNA.
• Build the BODT from the PC.
Simulations.
• Compute for each grid model, K simulated observations in its parameter neighborhood.
Only the PC are needed, the interpolations can be done in this space.
• Add a noise to each simulation according to diﬀerent SNR.
• For each simulation, identify the near model with the BODT and reﬁne the parameters
with GNA.
• For the whole estimated sets and for the diﬀerent SNR, constitute the kd-tree allowing a
fast search inside.
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Observation fitting.
• Compute the observation PC.
• Identify the nearest model from the BODT.
• Reﬁne the parameter using GNA.
• Search from the kd-tree the nearest simulated models corresponding to the observation
SNR.
• Apply the Nadaraya-Watson formula to obtain the ﬁnal estimate.
It can be noted that observation SNR plays a role in the ﬁtting:
• For the PC selection. The number of required components is a function of the SNR. The
adaptation of this analysis to the SNR improves the results. But, that leads to compute
a BODT for each considered SNR. In practice, only two BODT, for SNR 10 and 100 were
built.
• For the bias correction. The simulations depending on the SNR, it is necessary to perform
the correction from the simulations with the observed SNR. That increases by a large
factor the CPU time for the preliminaries. But, this operation improves the ﬁnal results.
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Conclusion

In this communication, we propose a procedure which is eﬃcient for fast model ﬁtting in the
framework of a great set of observations. The related software, called SPEGAM (System for
Parameter Estimation from Grid of Astrophysical Models) was developed in standard F90. It
is partly translated in Java in the perspective of the analysis of the Gaia/RVS spectra. It is
integrated in the APSIS pipeline of the Gaia/DPAC CU8. Clearly, the method is generic. Once
the model grid is built, the programs can be applied to the ﬁtting of completely diﬀerent data.
It is thus easy to apply the programs to new applications. The associated documentation, with
detailed information on the SPEGAM programming and its use, can be furnished.
Nevertheless, many questions have to be explored. In particular, the procedure is based on
a white stationary Gaussian noise. Extensions to more realistic noises have to be done with
weighted least squares methods. Whatever these developments will be, many astrophysical
applications have already been done using part of the programs, showing their potential [7] [10]
[17].
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