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Learning the prior from exemplars?
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Image decomposition: f =

xm dm = Dx
dm

m=0

Image approximation: f

Dx
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Orthogonal dictionary: N = Q
xm = f, dm

=
f

Redundant dictionary: N

Q

Examples: TI wavelets, curvelets, . . .
x is not unique.
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Sparsity
Q 1

Decomposition:

f=

xm dm = Dx
m=0

Sparsity: most xm are small.
Example: wavelet transform.
Image f
Ideal sparsity: most xm are zero.
J0 (x) = | {m \ xm = 0} |
Approximate sparsity: compressibility
||f
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Dx|| is small with J0 (x)

M.

Coefficients x

Sparse Coding
Redundant dictionary D =

Q 1
{dm }m=0 ,

Q

N.

non-unique representation f = Dx.
Sparsest decomposition:
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General redundant dictionary: NP-hard.
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in { f, dm ⇥}m

Convex Relaxation: L1 Prior

Image with 2 pixels:

d1
d0
q=0
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Inverse Problems

Denoising/approximation:
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= Id.

Inverse Problems

Denoising/approximation:

= Id.

Examples: Inpainting, super-resolution, compressed-sensing
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Regularized Inversion
Denoising/compression: y = f0 + w

RN .

Sparse approximation: f = Dx where
1
x ⇥ argmin ||y
2
x

Dx||2 + ||x||1

Fidelity
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Denoising/compression: y = f0 + w

RN .

Sparse approximation: f = Dx where
1
x ⇥ argmin ||y
2
x

Dx||2 + ||x||1

Fidelity
Inverse problems y = f0 + w RP .
1
2
x ⇥ argmin ||y
Dx|| + ||x||1
2
x
Numerical solvers: proximal splitting schemes.
www.numerical-tours.com
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Replace
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Inpainting Results
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Dictionary Learning: MAP Energy
Set of (noisy) exemplars {yk }k .

1
||yk
2

Sparse approximation: min min
D C

Constraint:

xk

Dictionary learning
C = {D = (dm )m \ m, ||dm ||

Otherwise: D

+ , X

Matrix formulation:
1
min f (X, D) = ||Y
2
Q K
X⇥R
D⇥C

k

R

1}

0

DX|| + ||X||1

N Q

Convex with respect to X.
Convex with respect to D.
Non-onvex with respect to (X, D).
mardi 15 mai 12

Dxk || + ||xk ||1
2

2

min f (X, D)
X

D
Local minima

Dictionary Learning: Algorithm
Step 1:

k, minimization on xk

1
min ||yk
xk 2

Dxk || + ||xk ||1
2

Convex sparse coding.
D, initialization
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Dictionary Learning: Algorithm
Step 1:

k, minimization on xk

1
min ||yk
xk 2

Dxk || + ||xk ||1
2

Convex sparse coding.
D, initialization

Step 2: Minimization on D
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Convex constraint minimization.
Projected gradient descent:
D
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Convergence: toward a stationary point
of f (X, D).
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D, convergence

Patch-based Learning
Learning D

Exemplar patches yk

Dictionary D

[Olshausen, Fields 1997]

State of the art denoising [Elad et al. 2006]
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Patch-based Learning
Learning D

Exemplar patches yk

Dictionary D

[Olshausen, Fields 1997]

State of the art denoising [Elad et al. 2006]

Learning D

Sparse texture synthesis, inpainting [Peyré 2008]
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Comparison with PCA
PCA dimensionality reduction:
⇥ k, min ||Y D(k) X||
D

D

(k)

=

k 1
(dm )m=0

Linear (PCA): Fourier-like atoms.
RUBINSTEIN
RUBINSTEIN
et al.:
et al.:
DICTIONARIES
DICTIONARIES
FORFOR
SPARSE
SPARSE
REPRESENTATION
REPRESENTATION

DCT

mardi 15 mai 12

PCA

1980
1980
by by
Bastiaa
Bast
fundamental
fundamental
prop
p
A basic
A basic
1-D1-D
G
forms
forms
© ©
G=
G =⇤n,⇤

where
where
w(·)
w(·)
is is
a
Fig.Fig.
1. 1.Left:
Left:
A few
A few
12 £
1212
£ 12
DCT
DCT
atoms.
atoms.
Right:
Right:
TheThe
firstfirst
40 40
KLT
KLT
atoms,
atoms, (typically
(typically
a Gau
a G
trained
trained
using
using
12 £
1212
£ 12
image
image
patches
patches
from
from
Lena.
Lena.
frequency
frequency
resolu
reso
matical
matical
foundatio
founda
latelate
1980’s
1980’s
by by
D
B. B.
Non-Linear
Non-Linear
Revolution
Revolution
andand
Elements
Elements
of Modern
of Modern
Dictionary
Dictionary
who
who
studied
studied
thet
Design
Design
andand
by by
Feichting
Feichti
In In
statistics
statistics
research,
research,
thethe
1980’s
1980’s
sawsaw
thethe
riserise
of of
a new
a new generalized
generalized
group
gro
powerful
powerful
approach
approach
known
known
as as
robust
robust
statistics.
statistics.
Robust
Robust
statistics
statistics version
version
of of
thethe
t

Comparison with PCA
PCA dimensionality reduction:
⇥ k, min ||Y D(k) X||
D

D

(k)

=

k 1
(dm )m=0

Linear (PCA): Fourier-like atoms.
RUBINSTEIN
RUBINSTEIN
et al.:
et al.:
DICTIONARIES
DICTIONARIES
FORFOR
SPARSE
SPARSE
REPRESENTATION
REPRESENTATION
Sparse (learning): Gabor-like atoms.

4

4

DCT

mardi 15 mai 12

PCA

1980
1980
by by
Bastiaa
Bast
fundamental
fundamental
prop
p
A basic
A basic
1-D1-D
G
forms
forms
© ©
G=
G =⇤n,⇤

where
where
w(·)
w(·)
is is
a
Fig.Fig.
1. 1.Left:
Left:
A few
A few
12 £
1212
£ 12
DCT
DCT
atoms.
atoms.
Right:
Right:
TheThe
firstfirst
40 40
KLT
KLT
atoms,
atoms, (typically
(typically
a Gau
a G
trained
trained
using
using
12 £
1212
£ 12
image
image
patches
patches
from
from
Lena.
Lena.
frequency
frequency
resolu
reso
matical
matical
foundatio
founda
latelate
1980’s
1980’s
by by
D
B. B.
Non-Linear
Non-Linear
Revolution
Revolution
andand
Elements
Elements
of Modern
of Modern
Dictionary
Dictionary
who
who
studied
studied
thet
Design
Design
andand
by by
Feichting
Feichti
In In
statistics
statistics
research,
research,
thethe
1980’s
1980’s
sawsaw
thethe
riserise
of of
a new
a new generalized
generalized
group
gro
Gabor
Learned
powerful
powerful
approach
known
known
as atoms
as
robust
robust
statistics.
Robust
Robust
statistics
statistics version
version
of
of
the
the
t1
Fig.Fig.
2. 2.Left:
Aapproach
few
12 £
Gabor
at statistics.
different
scales
andand
orientations.
3. 3.
Left:
Coiflet
Left:
A few
1212
£ 12
Gabor
atoms
at different
scales
orientations. Fig.
Fig.
Left:
Coifl
0.15

0.15

0.1

0.1

0.05

0.05

0

0

-0.05

-0.05

-0.1

-0.1

-0.15

-0.15

-0.2

-0.2

Patch-based Denoising
Noisy image: f = f0 + w.
Step 1: Extract patches.

yk

[Aharon & Elad 2006]
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Patch-based Denoising
Noisy image: f = f0 + w.
Step 1: Extract patches. yk (·) = f (zk + ·)
Step 2: Dictionary learning.
1
2
min
||yk Dxk || + ||xk ||1
2
D,(xk )k
k
ỹk = Dxk
Step 3: Patch averaging.
f˜(·) ⇥
ỹk (· zk )
k

yk

[Aharon & Elad 2006]
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ỹk

Learning with Missing Data
Inverse problem: y = f0 + w
1
1
2
min ||y
f || +
||pk (f )
2
f,(xk )k 2
D

C

Patch extractor:

k

LEARNING MULTISCALE AND S

Dxk || + ⇥||xk ||1
2

pk (f ) = f (zk + ·)

f0
pk

LEARNING MULTISCALE AND SPARSE REPRESENTATIONS

(a) Original

(a) Original
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Quadratic constrained.
Step 3: Minimization on f
Quadratic.
(a) Original
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Inpainting Example

LEARNING
LEARNING
MULTISCALE
MULTISCALE
AND
AND
SPARSE
SPARSE
REPRESENTATIONS
REPRESENTATIONS

(a) Original

(a)(a)
Original
Original
Image
f0

237
237

(b) Damaged

(c) Restored,
N =1
(d) Restored, N = 2
(b)(b)
Damaged
Damaged
Regularized
f
Observations
yInpainting
= fusing
Fig. 14.
and n = 16 × 16 (bottom-right image), or N = 1 and n = 8 × 8
0 N+= 2w

(bottom-left). J = 100 iterations were performed, producing an adaptive dictionary. During the
learning, 50% of the patches were used. A sparsity factor L = 10 has been used during the learning
process and L = 25 for the final reconstruction. The damaged image was created by removing 75% of
the data from the original image. The initial PSNR is 6.13dB. The resulting PSNR for N = 2 is
33.97dB and 31.75dB for N = 1.

[Mairal et al. 2008]
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Adaptive Inpainting and Separation

Wavelets

Local DCT

Wavelets

Local DCT

[Peyré, Fadili, Starck 2010]
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Higher Dimensional Learning

mples of color artifacts while reconstructing a damaged version of the image (a) without the improvement here proposed (
in the new metric).
s are reduced with our proposed technique (
in our proposed new metric). Both images have been denoised with the same global dictionary.
bserves a bias effect in the color from the castle and in some part of the water. What is more, the color of the sky is piecewise constant when MAIRAL
dB. (c) Proposed algorithm,
rs), which is another artifact our approach corrected. (a) Original. (b) Original algorithm,
dB.
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naries with 256 atoms learned on a generic database of natural images, with two different sizes of patches. Note the large number of color-less atoms.
can have negative values, the vectors are presented scaled and shifted to the [0,255] range per channel: (a) 5 5 3 patches; (b) 8 8 3 patches.
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Fig. 7. Data set used for evaluating denoising experiments.
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(a) Training Image; (b) resulting dictionary; (b) is the dictionary learned in the image in (a). The dictionary is more colored than the global one.
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show recognizable faces. We use a database containing around 6000
such facial images, some of which are used for training and tuning
the algorithm, and the others for testing it, similar to the approach
taken in [17].
In our work we propose a novel compression algorithm, related
to the one presented in [17], improving over it.
Our algorithm relies strongly on recent advancements made in
using sparse and redundant representation of signals [18–26], and
learning their sparsifying dictionaries [27–29]. We use the K-SVD
algorithm for learning the dictionaries for representing small
image patches in a locally adaptive way, and use these to sparsecode the patches’ content. This is a relatively simple and
straight-forward algorithm with hardly any entropy coding stage.
Yet, it is shown to be superior to several competing algorithms:
(i) the JPEG2000, (ii) the VQ-based algorithm presented in [17],
and (iii) A Principal Component Analysis (PCA) approach.2
In the next section we provide some background material for
this work: we start by presenting the details of the compression
algorithm developed in [17], as their scheme is the one we embark
from in the development of ours. We also describe the topic of
sparse and redundant representations and the K-SVD, that are
the foundations for our algorithm. In Section 3 we turn to present
the proposed algorithm in details, showing its various steps, and
discussing its computational/memory complexities. Section 4
presents results of our method, demonstrating the claimed
superiority. We conclude in Section 5 with a list of future activities
that can further improve over the proposed scheme.
2. Background material
2.1. VQ-based image compression

mardi 15 mai 12

Among the thousands of papers that study still image
compression algorithms, there are relatively few that consider
the treatment of facial images [2–17]. Among those, the most
recent and the best performing algorithm is the one reported in
[17]. That paper also provides a thorough literature survey that
compares the various methods and discusses similarities and
differences between them. Therefore, rather than repeating such
a survey here, we refer the interested reader to [17]. In this
sub-section we concentrate on the description of the algorithm
in [17] as our method resembles it to some extent.
This algorithm, like some others before it, starts with a geomet-

Fig. 1. (Left) Piece-wise affine warping of the image by triangulation. (Right) A
uniform slicing to disjoint square patches for coding purposes.

K-Means) per each patch separately, using patches taken from the
same location from 5000 training images. This way, each VQ is
adapted to the expected local content, and thus the high performance presented by this algorithm. The number of code-words
in the VQ is a function of the bit-allocation for the patches. As
we argue in the next section, VQ coding is limited by the available
number of examples and the desired rate, forcing relatively small
patch sizes. This, in turn, leads to a loss of some redundancy between adjacent patches, and thus loss of potential compression.
Another ingredient in this algorithm that partly compensates
for the above-described shortcoming is a multi-scale coding
scheme. The image is scaled down and VQ-coded using patches
of size 8 ! 8. Then it is interpolated back to the original resolution,
and the residual is coded using VQ on 8 ! 8 pixel patches once
again. This method can be applied on a Laplacian pyramid of the
original (warped) image with several scales [33].
As already mentioned above, the results shown in [17] surpass
those obtained by JPEG2000, both visually and in Peak-Signal-toNoise Ratio (PSNR) quantitative comparisons. In our work we propose to replace the coding stage from VQ to sparse and redundant
representations—this leads us to the next subsection, were we describe the principles behind this coding strategy.
2.2. Sparse and redundant representations
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Figure 3: Results obtained by PCA, NMF, dictionary learning, SPCA for data set D.
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k

Exemplar fk
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min E(D) =
D
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[Peyré & Fadili 2010]

⇥f (D, yk ) [f (D, yk )

D

fk ]

k

Compute the
derivative f
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Dictionary Sensitivity
f (D, y) = Dx(D, y)
1
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Dictionary Sensitivity
f (D, y) = Dx(D, y)
1
x(D, y) = argmin ||y
Dx||2 + ||x||1
x RP 2
“s = sign(x)”
D
( Dx y) + s = 0

Sparse estimator:

=

Local expression of x(D, y) around (D, y):
Support:
=
Locally:

I = {m \ xm = 0}

xI = (DI

DI )

1

(DI y

sI )

I

D

sI is constant.
I
The map y
x(D, y) is affine.
The map D
x(D, y) is a rational function.

Compute the derivative of D
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DI = (dm )m

x(D, y).

x

Blind Sparse Restoration
Unknown degradation operator: yk =

0 (fk )

+ wk

Sparse recovery with linearized model :
1
2
f (D, , y) = D argmin ||y
Dx|| + ||x||1
x RP 2

fk
mardi 15 mai 12

yk

Blind Sparse Restoration
Unknown degradation operator: yk =
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1
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Dx|| + ||x||1
x RP 2
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Texture Synthesis
Generate f perceptually similar to some input f0

f0
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Texture Synthesis
Generate f perceptually similar to some input f0
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f

f

f

f

Design and manipulate statistical constraints.
Use statistical constraints for other imaging problems.
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Dictionaries for Textures
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Sparse Texture Ensemble
[Peyré, 2008]
Sparse model for all the texture patches:
1
pk (f ) = f (· + zk )
E(f ) =
min ||pk (f ) Dx||2 + ||x||1
x 2
k
Texture ensemble: T = {f \ f local minimum of E}
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Sparse Texture Ensemble
[Peyré, 2008]
Sparse model for all the texture patches:
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min ||pk (f ) Dx||2 + ||x||1
x 2
k
Texture ensemble: T = {f \ f local minimum of E}

Almost bias-free sampling of T :
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⇥
ỹ
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k
Figure 1: Parameterization of the dictionary of edge patches and some examples.
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Figure 2:
ion of the dictionary of edge patches and some examples.
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Iterations of the synthesis algorithm with the dictionary of edges (sparsity s = 2).

=2

Dictionary D D
S=1
Synthesized
f Dictionary

Examples of Sparse Synthesis
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a non-parametric fashion.

Learning Sparse Ensemble

Figure 21 shows examples of texture synthesis for various values of the parameters m and k. Increasing the size of the dictionary allows for a more realistic
synthesis and increasing the redundancy creates more blending between the
0
features.

Learn D from a single exemplar f .

Original f0
Exemplar

m/n = 1, k = 2

m/n = 1, k = 8

m/n = 2, k = 2

Fig. 21. Examples of texture synthesis for various redundancy m/n an sparsity.

Inverse problems.

Figure 22 shows a reconstruction from compressive
30
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a non-parametric fashion.

Figure 10: Iteration of the synthesis process for s = 2.

Learning Sparse Ensemble

The redundancy m/n of the dictionary. More redundancy provides more geometric fidelity during

Figure 21 shows examples
of texture
fororiginal
various
values
of be
the
paramthe synthesis
sincesynthesis
patches of the
texture
f˜ will
better
approximated in D. In contrast,
usingthe
a small
a compact texture
compresses
the geometric characteristics
eters m and k. Increasing
sizemofleads
the todictionary
allowsmodel
for athat
more
realistic
of the
texture within
a fewmore
atoms.blending
Such a model
allows good
synthesis and increasing
theoriginal
redundancy
creates
between
the generalization performance
for task such as texture discrimination or classification when the data to process is unknown but
0
features.
close to f .

Learn D from a single exemplar f .

The sparsity s 1 of the patch expansion. Increasing the sparsity s is a way to overcome the
limitations inherent to compact dictionary (low redundancy m/n) by providing more complex
linear combination. In contrast, for very redundant dictionaries (such as the non-local expansion
presented in section 3) one can even impose that s = 1. Increasing the sparsity also allows to have
blending of features and linear variations in intensity that leads to slow illumination gradients
not present in the original texture.
Figure 11 shows the influence of the sparsity parameter.
In order to capture features of various sizes, one can perform a progressive synthesis with
various sizes of patches . This leads to a multiscale synthesis algorithm that follows the one
Original 0 m/n
1, k = 2in listing
m/n
= 1,that
k =this
8 synthesis
m/nalgorithm
= 2, k =implicitly
2
already=presented
3. Note
considers a set Dj of
redundant
dictionaries
at various
resolution.
Other
Fig. 21. Examples of highly
texture
synthesis
for various
redundancy
m/n
an approaches
sparsity. have been proposed to learn
a multiscale dictionary, see for instance [45, 35].

Exemplar f

Redundancy Q/N

Figure 22 shows a reconstruction from compressive
s=2

Inverse problems.

Sparsity
s=8

s=4

30

r = 0.2
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r = 0.5

r=1

r=2

r=4

Computer Graphics Approach
Dictionary: all patches pz (f0 ) = f0 (z + ·)
pz (f )

Exemplar f0
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p

(z) (f0 )

Patches pz (f0 )

Computer Graphics Approach
Dictionary: all patches pz (f0 ) = f0 (z + ·)

Patch copy: 1-sparsity of the synthesized f .
Mapping

from f to f0 :

Synthesized f
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pz (f )

Exemplar f0

p

(z) (f0 )

Patches pz (f0 )

Computer Graphics Approach
Dictionary: all patches pz (f0 ) = f0 (z + ·)

Patch copy: 1-sparsity of the synthesized f .
Mapping

from f to f0 :

Synthesized f

f0
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pz (f )

Exemplar f0

p

(z) (f0 )

Patches pz (f0 )

Texture Inpainting
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Conclusion
Sparse dictionary adaptation:
Minimizing MAP on D.
Task-driven formulation.
Patch based-processing:
Learn on the data to process.
Connection with computer graphics.
Open problems:
Non-convex, slow.
Theoretical guarantees.
Beyond
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1

: structured sparsity.

