ROBUST NON-NEGATIVE MATRIX FACTORIZATION
FOR MULTISPECTRAL DATA WITH SPARSE PRIORS

Recently, the rapid development of multi-wavelength sensors in astrophysics has increased
the need for dedicated efficient data analysis tools. Such kind of data are generally made of a
collection of observations or images of the same physical phenomena in different wavelength
bands. It is customary to assume that these observations are mixtures of elementary physical
components which do not share the same spectrum.
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I - NON-NEGATIVE MATRIX FACTORIZATION
Constraints

•.Blind source separation: classically used
data analysis technique to extract the
physical components of multispectral data.
•.Model: linear mixture of several sources,
i.e. Y
=
AS, Y being the data, S the
sources and A the mixing/weight matrix.
(See Fig. 1.)

Sources can be disambiguated
using:
•.their independence.
•.their sparsity.
•.the positivity of both A (if it
represents concentrations for
instance) and S (which can represent
an intensity).
This very last consideration led to
Non-negative Matrix Factorization
(NMF).
You can see such multispectral data
on Fig. 2 with the intensity and
concentration profiles which created
it.

Fig. 1: Matrix Factorization

concentrations

Difficulties

Fig. 2: Multispectral data modelized as a rank-3 matrix

III - GMCA AND rGMCA

Strategies

Alternated Least Square (ALS)

Several strategies can be used to try and solve
the NMF problem. First, most algorithms use
block coordinate descent, updating A and S
alternatively.
Also, algorithms can solve the L2 problem
exactly or not, under the constraint or with a
latter projection on the constraint.

One can exactly solve the data fidelity term
alternatively for A or S and then re-project on
the constraint [2].
This algorithm is much faster than the other
ones and yields good results.

Standard algorithm [1] which aims at
approximately solving the cost function under
the constraint. This algorithm is considered as
very slow and does not always converge to local
minima.

IV - NOISELESS CASE

Sparsity
Beyond positivity, other constraints can be
introduced to better distinguish between the
sources such as their sparsity.
Sparsity-enforcing extensions of NMF have
been introduced which yield improvements.
However, carefully introducing the sparsity
constraint is generally a complicated problem.

Settings

Criteria

•.Fixed size of Y (m = 200, n = 200).
•.Number of sources r varying from 2 to 40.
•.A randomly drawn as the absolute value of a
normal distribution.
• .S randomly drawn from a BernoulliLaplacian (sparse) distribution with 0.8
activation rate.
•.No noise added, and r supposed to be known.

•
(subscripts e for estimate and r
for reference) as a measure of interferences since
the matrix product should yield a permutation matrix.
•.Mean of the SNR on the columns of A for the best
pairwise association between estimate and
reference.
•.Mean of the angles between estimate and
reference colums of A (best pairwise association).
SNR (dB)

Standard deviation of:

Standard deviation of:
SNR (dB)

•.Non-convexity of the problem due to the
product between A and S.
•.Handling the positivity constraints.
•.Scale and permutation indeterminacies
•.Incomplete model for noisy real data

Multispectral data

II - CLASSICAL ALGORITHMS

Multiplicative Update

NMF consists in finding the matrices A and S
such that AS is close to the data Y, under the
constraint that each coefficient of both A
and S is positive.
This yields the following formulation:

intensities

Blind Source Separation

Formulation

Angle (o)

Standard deviation of:
Angle (o)

GMCA
GMCA [3] was originally
designed to perform blind source
separation with a sparse prior. It
can however be adapted to
include other constraints.
It can then solve:
Here, λn goes to 0 in a preset
strategy. The algorithm is given
in Fig. 3 (HT standing for “hard
thresholding”, for a regularization
closer to the L0 norm).

Robust GMCA (rGMCA)
GMCA solves exactly the least square
problems and then adds the constraints and
regularization.
This can be enhanced to solve exactly the
constrained regularized problems, using
sub-iterations (Forward Backward algorithm).
The update step for Sn then becomes:
The aim is to have a more robust estimation as
the constraints will be applied in a proper
way.
One may use soft-thresholding (SrGMCA) or
hard-thresholding (HrGMCA).

Fig. 3: GMCA for NMF

Decreasing threshold
The decreasing threshold helps:
•. i d e n t i f y i n g t h e m i x i n g
directions using the largest
coefficients and refining them
afterwards.
•.converging faster especially
when using sub-iterations.
• .converging to the global
“sparse” minima which is the
only one remaining stable for
changing threshold parameter.

V - BEHAVIOR WITH NOISE
Settings

Results

•.m = 200, n = 200, r = 10, activation rate in S:
40%.
•.Additive white noise Y = AS + N with
increasing variance.
• Thresholding strategies in GMCA and rGMCA
are not tuned to the data nor the noise level.
Last iterations clean the data using a threshold
at 3σ (online estimation with MAD).
•.We will study the detection of the spikes of S.

•.rGMCA is better in term of angle,
as it separates the sources more
efficiently.
•.The detection rate of rGMCA is
higher (+5%) as it identifies better
the sources compared to GMCA.
•.The false detection rate is slightly
lower (-1%) for GMCA because of
the lesser detection rate.
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False detection rate (%)
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Fig. 5: Influence of the noise (in term of ||N||2/||AS||2) for source separation (20 samples)
Fig. 4: Influence of the number of sources on the source separation (50 samples)

Decreasing threshold

Robustness

GMCA is consistently better than
ALS: the decreasing threshold is
helpful (no other difference between
these algorithms).

•.Standard deviations are lower for both rGMCA versions.
•.The best strategy depends on the number of sources.
•.Soft-thresholding is better for unmixing sources in
difficult cases (large number of sources for instance).
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Perspectives
•.Handling more complex sparse priors (wavelets for instance) while keeping the
positivity constraint in the direct domain, which is possible with rGMCA.
•.Adding a sparse prior for A.
•.Considering other types of noise such as multiplicative or sparse noises.
•.Applying rGMCA to astrophysics data such as observation by the Fermi or Planck
space telescopes.
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